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Abstract. We study the set of monomial ideals in a polynomial ring as an ordered
set, with the ordering given by reverse inclusion. We give a short proof of the fact that
every antichain of monomial ideals is finite. Then we investigate ordinal invariants for
the complexity of this ordered set. In particular, we give an interpretation of the height
function in terms of the Hilbert—Samuel polynomial, and we compute bounds on the
maximal order type.

INTRODUCTION

Monomial ideals (that is, ideals generated by monomials) in polynomial
or power series rings play an important role in commutative algebra and
algebraic combinatorics, both from a theoretical and a practical perspective.
The reason for this is that more often than not problems about arbitrary
ideals can be reduced to the special case of monomial ideals, and hence to
questions of a combinatorial nature. Conversely, monomial ideals may be
used to make algebra out of combinatorics (see, e.g., [42]). The link between
monomial ideals and arbitrary ideals is provided by the theory of Grobner
bases (or standard bases); see, e.g., [6].

Let K be afield and R = K[X]| = K[X4,..., X,,] the ring of polynomials
in indeterminates X = {Xy,..., X,,,} with coefficients from K. We employ
the usual multi-index notation X¥ = X*1 ... X*" for monomials, where v =
(v1,...,vm)is an m-tuple of non-negative integers. Divisibility of monomials
in R has the following well-known finiteness property:

Fvery sequence X”(l), X”(Q), ey X”(n), ... of monomials in R such
that X" does not divide X”m, for allv < j, is finile.

This equally elementary and fundamental fact, commonly known as “Dick-
son’s Lemma”, is arguably “the most frequently rediscovered mathematical
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theorem” ([6, p. 184]). Among other things, it implies Hilbert’s Basis Theo-
rem, with its numerous consequences. Recently Diane Maclagan [28] proved
the following more general result:

Every sequence IW 1@) 1) of monomial ideals in R such
that 1) 2 1) whenever i < j is finite.

She also showed how this can be used to give short proofs of several other
finiteness statements like the existence of a universal Grébner basis of an
ideal in R and the finiteness of the number of atomic fibers of a matrix with
non-negative integer entries. Galligo’s theorem on the existence of generic
initial ideals can also been seen as a consequence of this principle, as can the
upper semi-continuity of fiber dimension (see [4]) and Sit’s theorem [41] on
the well-orderedness of the set of Hilbert polynomials under eventual domi-
nance; for the latter see Section 3 of the present paper. It is these remarkable
applications which seem to warrant a further investigation into combinato-
rial finiteness phenomena of monomials in R. The theory of Noetherian
ordered sets provides a convenient axiomatic framework for this: Let (.59, <)
be an ordered set, i.e., S is a set and < is a (partial) ordering on 5. We call
(S, <) Noetherian if every sequence sy, Sg,...,Sy,...in S such that s; £ s;
for all 7 < j is finite. Dickson’s Lemma may then be rephrased as saying
that the set of monomials under divisibility is Noetherian, and Maclagan’s
principle just expresses that the set M, of monomial ideals in K[X ] ordered
by reverse inclusion is Noetherian. Noetherian orderings are usually called
“well-partial-orderings” or “well-quasi-orderings” in the literature (see, e.g.,
[25]). We follow a proposal by Joris van der Hoeven [45] and use the more
concise (and perhaps more suggestive) term “Noetherian”. Noetherian or-
dered sets play an important role in such diverse fields as asymptotic dif-
ferential algebra [45], Ramsey theory [24], theoretical computer science [12],
and proof theory [18].

The purpose of this paper is to study some aspects of the set of mono-
mial ideals of K[X] from the point of view of combinatorial set theory. In
Section 1, after reviewing some basic facts about Noetherian ordered sets,
we first give a quick proof of Maclagan’s result. We also indicate a cer-
tain generalization, dealing with direct products of Noetherian ordered sets
(Proposition 1.12), which was stated without proof in [28] and attributed
there to Farley and Schmidt.

The complexity of a Noetherian ordered set (.9, <) can be measured in
terms of certain ordinal-valued invariants. We recall their definitions and
basic properties in Section 2. Here is one example: There always exists
a chain in S having maximal possible order type, called the height of 5
for # € S, the height of the Noetherian ordered set SZ% := {s € § : s
? z} is called the height of z (in 5). From a result of Bonnet and Pouzet
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[7] we deduce that the height of (M,,,D) is w™ + 1. In Section 3 we
give an interpretation of the height of a monomial ideal I in terms of
the Hilbert—Samuel polynomial of M = R/I. Recall that for every finitely
generated graded R-module M = €D,y M, the function which associates
with s € N the dimension of the K-vector space M, agrees, for all suf-
ficiently large s, with a polynomial in Q[T], called the Hilbert polynomial
of M (see [10, Chapter 4]). It follows that the function s — dimg M<s,
where Mc<; := @;_, M;, also ultimately agrees with a polynomial in Q[T],
which is called the Hilbert-Samuel polynomial of M. We let Z,,, denote the
set of homogeneous ideals of R, considered as a (partially) ordered set,
with the ordering given by reverse inclusion. Given I € 7, we denote the
Hilbert—Samuel polynomial of R/I by p;. We totally order S,, = {pr :
I € Z,,} by eventual dominance: p;y < py if and only if psr(s) < ps(s)
for all sufficiently large s. The map p: Z,, — S,, that maps I to py is
strictly increasing. It is well-known that the map taking each finitely gen-
erated R-module to its Hilbert polynomial is the universal additive func-
tion on finitely generated R-modules which is zero on modules of finite
length. (See [15, Section 19.5] for a precise statement.) The following the-
orem, proved in Section 3 below, is in a similar spirit; it shows that p
is universal among strictly increasing surjections defined on the ordered
set Z,,.

THEOREM. For every strictly increasing surjection p: L, — S, where §
is any totally ordered set, there exists a strictly increasing map ¥: S, — S
with Yo p < .

Every total ordering extending the ordering < of a Noetherian ordered
set (9,<) is a well-ordering. This fact gives rise to another invariant of
(5, <): by a theorem of de Jongh and Parikh [11], there exists a total ordering
extending < of maximal possible order type, which we call the type o(S, <)
of (9,<). In Section 4 we obtain upper and lower bounds on o(M,,, D): We
show that

wm

W T < oMy, D) < W

The proof of the upper bound involves a generalization of a result of van
den Dries and Ehrlich [43], [44] on the order type of submonoids of ordered
abelian groups. The lower bound is established by studying a particularly
useful total ordering on M, extending O, inspired by the Kleene-Brouwer
ordering of recursion theory and Kolchin’s rankings of characteristic sets.
Both bounds leave room for improvement.

We should mention that Dickson’s Lemma and Maclagan’s principle are
only the first two levels of an infinite hierarchy of finiteness principles: N is
“better-quasi-ordered.” (This was proved by Nash-Williams [33].) We refer
to [3] for an application of these more general finiteness properties.
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Notations and conventions. The cardinality of a finite set S is denoted
by |S]. We let m,n,... range over N := {0,1,2,...}. For any set U, let
U* = U,en U™ denote the set of finite sequences of elements of U. Here
U° consists of the single element ¢ (the empty sequence). (So §* = {e}.)
For an element ¢ = (a1,...,a,) € U* we call the natural number n the
length of a, denoted by length(a). For a = (ay,...,a,) and b = (by,...,by)
in U* we write ¢ C b (a is a truncation of the sequence b) if n < m and
a=(ay,...,an) = (b1,...,b,). By ab:= (ay,...,an,b1,...,b,) we denote
the concatenation of the sequences a = (ay,...,a,) and b = (by,...,by)
in U*. If, for example, ¢ = (ay), we shall also write a1b instead of (a1)b.
With concatenation as monoid operation, U* is the free monoid generated
by U (with identity ¢). We extend concatenation to subsets of U* in the
natural way, for example, @S = {ab:b € S} fora € U* and S C U*.

1. NOETHERIAN ORDERED SETS

In this section we first review the definitions and basic facts about
Noetherian ordered sets. We then give a short proof that the set of monomial
ideals in K[X]is Noetherian, and outline a generalization.

Orderings and ordered sets. A quasi-ordering on a set S is a binary
relation < on S which is reflexive and transitive; we call (5, <) (or simply
S, if no confusion is possible) a quasi-ordered set. If in addition < is an-
tisymmetric, then < is called an ordering, and the pair (5, <) is called an
ordered setl. If < is a quasi-ordering on 5, then so is the inverse relation >;
likewise for orderings. If z, y are elements of a quasi-ordered set 5, we write
as usual ¢ < y if # < y and y £ 2. Given an equivalence relation ~ on a
set S which is compatible with the quasi-ordering < on 5, in the sense that
v <y= 2 <y forall 2’ ~z and y' ~ y, there is a unique ordering <g/.,
on the set S/~ = {z/~: 2 € S} of equivalence classes of ~ with

)/~ <gmy/~ & oz <y

If <is an ordering on §, then <g/. is an ordering on 5/~. For any quasi-
ordering < on 5, the equivalence relation on S defined by

z~y & z<yand y <z

is compatible with <, and in this case <g/. is an ordering. Hence by passing
from (5, <) to (5/~, <g/~) if necessary, we can usually reduce the study of
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quasi-orderings to the one of orderings. In the following, we shall therefore
concentrate on ordered sets.

Total orderings and directed orderings. We say that an ordering
on a set S is total if x < y or y < z for all z,y € 5. An ordering <’ on
a set S is said to extend the ordering < on § if # < y = x <’ y for all
z,y € 5. Every ordering on a set S can be extended to a total ordering on 5
(Szpilrajn’s Theorem; the proof uses the Ultrafilter Axiom). An ordering on
S is directed if for any z,y € 5 there exists z € S with ¢ < z and y < z.
Any total ordering is directed.

Maps between ordered sets. A map ¢: .S — T between ordered sets
S and T is called increasing if
t<y = plz)<ep(y) forallz,yes
and decreasing if
t<y = pz)>¢(y) foralz,yes.
Similarly, we say that ¢: S — T is strictly increasing if
r<y => p(z)<p(y) forallz,ye S
and strictly decreasing if
r<y = @plx)>e(y) foral z,yes.

We shall write Incr(5,7T) for the set of all increasing maps S — T and
Decr(59,T) for the set of all decreasing maps S — 7. A map ¢: S — T is a
quasi-embedding of § into T if

Pz)<Y(y) = z<y forallz,yeb.

An increasing quasi-embedding S — T is called an embedding of S into T.
Finally, a map 5 — T is called an isomorphism between S and T if it is
increasing and bijective, and its inverse is also increasing.

Construction of ordered sets. Every set S can be equipped with the
trivial ordering, given by z < y < z = y. There are a number of standard
constructions for obtaining new (quasi-) ordered sets from given ones. For
example, by restricting the ordering, any subset of an ordered set can be
construed as an ordered set in its own right. Let us explicitly mention some of
the constructions used below. For this, let (5, <g) and (7, <r) be ordered
sets. The disjoint union of the sets S and T is naturally ordered by the
relation <g U <7; we shall denote this ordered set by S II T. The cartesian
product S X T of S and T can be made into an ordered set by means of the
product ordering:

(ac,y) S (37/7?/) = T SS xl and Yy ST yla



6 M. Aschenbrenner and W. Y. Pong

or the lexicographic ordering:
(z,y) <iex (2',9") & 2 <52’ or (z =2"and y <7 ¢/'),

for (z,y),(2',y") € S xT. Taking S = T yields the product ordering and the
lexicographic ordering on T? = T x T, and by repeating the construction,
on T™ for any m > 0. More generally, if I is any set, then the set T of all
functions I — T is ordered by setting

f<g & fi)<rg(i)foralliel.

By restriction this yields orderings on the subsets Incr(.5,7T") and Decr(5,7)
of T. If the ordering on § is directed, we have (at least) two other ways of
defining a quasi-ordering on T which extends the product ordering:

(1) using the lexzicographic ordering, defined by
[ <itex9 & [ =g,or thereis y € 5 with
f(z) =g(x) for all  <gy and f(y) <7 9(y),
and
(2) using the dominance quasi-ordering, given by
[ =g & thereisy € § with f(z) <7 g(z) for all z >g y.

If both <g and <7 are total, then <jy is total. In general, the dominance
quasi-ordering is neither antisymmetric (i.e., not an ordering on 7%) nor
total.

ExAMPLE 1.1. We consider N as an ordered set under its usual ordering,
and we equip N with the product ordering. For v = (v4,...,v,,) € N™ we
put |[v| = v1 +-- -+ vy (the degree of v). Let X = {X1,..., X,,} be distinct
indeterminates and X°® = {X” : v € N™} the free commutative monoid
generated by X, where X¥ := X' --- X} for v = (1v1,...,v,) € N™. We
order X ° by divisibility:

X" < X* & p=v+ Xfor some A € N™.

Then v — X¥: N™ — X°¢ is an isomorphism of ordered sets. The ele-
ments of X° can be seen as monomials in the polynomial ring K[X]| =
K[X1,...,X,,], where K is a field. Here, the identity element ¢ of X° is
identified with the monomial 1.

Final segments and antichains. A final segment of an ordered set
(5,<) is a subset F' C S such that

r<yAzelF = yeF, forallz,yeclb.

(Dually, I C S is called an initial segment if S'\ I is a final segment.) Given
an arbitrary subset X of 5, we denote by

(X)={yeS:dze X (z<y)}
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the final segment generated by X . We construe the set F(.9) of final segments
of S as an ordered set, with the ordering given by reverse inclusion.

ExaMmPLE 1.2. Under the isomorphism in Example 1.1, final segments
of N™ correspond to ideals in the commutative monoid X ¢, that is, subsets
I C X°such that vu € I for all uw € I and v € X°. Considering the elements
of X° as monomials in a polynomial ring K[X] over a field K, the ordered
set F(N™) becomes isomorphic to the set of monomial ideals of K[X] (that
is, ideals of K[X] which are generated by monomials), ordered by reverse
inclusion.

We write z || y if ,y € S are incomparable, that is, if £ y and y £ z. An
antichain of S is a subset A C § such that any two distinct elements z and
y of A are incomparable. (For example, a generating set of a final segment
F of §is a minimal generating set for F' if and only if it is an antichain.) A
subset C' of S is called a chain if the restriction of the ordering of S to C' is
total, that is, if for all z,y € C' we have 2 <y or y < z.

Noetherian orderings. An ordered set S is well-founded if there is
no infinite strictly decreasing sequence zg > zy > --- in 5. We say that
an ordered set S is Noetherian if it is well-founded and every antichain of
S is finite. For example, every finite ordered set is Noetherian. Since ev-
ery antichain of a totally ordered set consists of at most one element, a
totally ordered set S is Noetherian if and only if it is well-founded; in this
case S is called well-ordered. For every well-ordered set S there exists a
unique ordinal number, called the order type o(5) of S, which is isomorphic
to S.

An infinite sequence zg, z1,...1n S is good if x; < x; for some 7 < 7, and
bad otherwise. (For instance, if {zg, 21,...} is an antichain, then zg,z1,...
is bad.) The following characterization of Noetherian orderings is folklore;
we omit the proof. (For the details, see, e.g., [3].)

ProrosIiTION 1.3. The following are equivalent, for an ordered set S
(1) S is Noetherian.

(2) Every infinite sequence xg,x1,... in S contains an increasing subse-
quence.
(3) FEvery infinite sequence xg, 1, ... in S is good.

(4) Any final segment of S is finitely generated.

(5) (F(95),2) is well-founded (i.e., the ascending chain condition with
respect to inclusion holds for final segments of 5).

(6) Every total ordering on S which extends < is a well-ordering. m

The proposition immediately implies:
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ExaMmPLEs 1.4. Let S and T be ordered sets.

(1) If there exists an increasing surjection S — T, and S is Noetherian,
then so is T'. In particular: If S' is Noetherian, then any ordering on
S which extends the given ordering is Noetherian; if S is Noetherian
and ~ is an equivalence relation on § which is compatible with the
ordering of S, then S/~ is Noetherian.

(2) If there exists a quasi-embedding S — T, and T is Noetherian, then
S is Noetherian. In particular, if T is Noetherian, then any subset of
T with the induced ordering is Noetherian.

(3) If S and T are Noetherian and U is an ordered set which contains
both ordered sets S and T', then S UT is Noetherian. In particular,
it follows that S II T is Noetherian.

(4) If S and T are Noetherian, then sois § x T with the product ordering.
Inductively, it follows that if the ordered set .S is Noetherian, then so
is 5 equipped with the product ordering, for every m. In particular,
for each m, the ordered set N™ is Noetherian (“Dickson’s Lemma”).

For future use we also remark:

LEMMA 1.5. Let ¢: S — T be a map between ordered sets S and T, with
S Noetherian.

(1) If ¢ is strictly increasing, then ¢ has finite fibers.
(2) If ¢ is decreasing, and T is well-founded, then the image of ¢ is
finite.

Noetherianity of the set of monomial ideals. By Proposition 1.3,
if § is Noetherian, then the ordered set F(S) of final segments of S is
well-founded. In general, it is not true that if S is Noetherian, then F(9)
is Noetherian. A counterexample was found by Rado [36]. (This example is
indeed “generic” in the sense that a Noetherian ordered set S contains an
isomorphic copy of it if and only if F(59) is non-Noetherian; see, e.g., [3].)
We will now give a short proof of the fact that the ordered set F(N™) of
monomial ideals is Noetherian. Here is a key observation:

LEMMA 1.6. F(S x T) = Decr(S, F(T)), for ordered sets S and T.

Proof. For a final segment F' € F(S x T') let pp: S — F(T') be defined
by ¢r(z) = {y € T : (z,y) € F} for z € 5. It is straightforward to
verify that ¢ is decreasing, and F' — ¢p is an isomorphism F(S x T') —
Decr(S, F(T)). m

In particular, we have F(N™) 2 Decr(N, Z(N™~1)) for m > 0. This fact
allows us to analyze F(N") by induction on m; it also makes it necessary

to take a closer look at decreasing maps N — F(N™~!). More generally,
for any ordered set S, let us use S(2) to denote the set Decr(N, 5) of all
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infinite decreasing sequences s = (g, S1,...) of elements sg > s; > -+ of S,
ordered componentwise (that is, by restriction of the product ordering on

S to §5(2)).
PROPOSITION 1.7. If S is Noetherian, then so is §(2).

Proof. The proof is inspired by Nash-Williams’ proof [32] of Higman’s
Lemma (see Lemma 1.9 below). Assume to the contrary that .5 is Noetherian

and s, s is a bad sequence in S(2); we write s() = (séi),sgi), S
Every sequence s = (sg,51,...) in 5(2) becomes eventually stationary; we
let j(s) denote the smallest index j € N such that s; = s;41 = ---. We may

assume that the bad sequence is chosen in such a way that for every ¢, j(s(i))
is minimal among the j(s), where s ranges over all elements of 5(2) with the
property that s(®,s(W . s(=1) s can be continued to a bad sequence in

5(2), We may further assume that there is an index ig such that j(s()) > 0
(o) (io+1)

for all 7 > ig. Now consider the sequence s;°’, s ,...in §. Since § is
Noetherian, there exists an infinite sequence 7 < 1 < 29 < --- of indices
such that sgl) < s(()iz) < oo Put 1) = (sgik),s(;k), ...) forall & > 0. It is
now easily seen that then s(@, ... s(a=1) ¢(@) 4(2)  is a bad sequence in

5), But j(10®)) = j(s»)) — 1, contradicting the minimality property of
our original bad sequence. u

The ordered set F(N)is clearly well-ordered (of order type w+ 1), hence
Noetherian. This is the base case for an induction on m, which yields, using
Proposition 1.7:

COROLLARY 1.8. The set of monomial ideals in K[X1,...,X], ordered
by reverse inclusion, is Noetherian, for any m. m

See [28] for another proof of this result, using primary decomposition of
monomial ideals.

Higman’s lemma. In the following, we will often make use of a fact
due to Higman [19]. Let S be an ordered set. We define an ordering on the
set S* of finite sequences of elements of 5 as follows:

there exists a strictly increas-
ing function ¢: {1,...,m} —
{1,...,n} such that z; <y,
forall 1 <7< m.

(1o @m) < (Y1) e ey Un) S

LEMMA 1.9 (Higman). If S is Noetherian, then the ordering <* on S*
1s Noetherian.
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The equivalence relation ~ on S* defined by

m = n & there exists a permu-
(15 ) ~ (Y1, -+, Yn) & { tation o of {1,...,m} such that
Ti = Yo (i) forall 1 <i<m

is compatible with <*, and hence induces an ordering on 5° := §*/~, which
we denote by <°. By Higman’s Lemma, if (.9, <) is Noetherian, then so is
(5°,<°). For ¢ = (21,...,2,) € 5* we denote by [z] = [z1,...,2m] € 5°
the equivalence class of z, and we put |w| = m for w = [z1,...,2,] €
5°. We may think of the elements of S* as non-commutative words in the
alphabet S, and of the elements of S° as commutative words in S. Note
that S°, with concatenation of commutative words, is the free commutative
monoid generated by 5.

REMARK 1.10. We identify S with a subset of S° in a natural way. Let
us call a total ordering < of 5 extending the ordering on S a term ordering
ife <vand v < w = sv < sw, for all v,w € S° and s € 5. Then, for
v,w € S°,

v<°w & v < wfor all term orderings < of S°.

This follows, e.g., from the Artin—Schreier theory of formally real fields ap-
plied to the quotient field of the monoid ring Q[5°]. In the case S = X =
{X1,...,X,,} ordered such that Xy < --- < X,,,, monomial ideals of K[X]
whose corresponding final segment ' € F(N™) is also a final segment with
respect to <° are called strongly stable.

REMARK 1.11. If (59, <) is Noetherian, then so is any ordering on S°
which extends <°. An important example is the multiset ordering on 5°,

defined by
s = t, or for each i € {1,...,n}
s €1 & ( there exists 7 € {1,...,1} with
Smti < g

where we write s = [s1,...,Smanl, t = [t1, .-, tmgr] With s; = ¢; for 1 <4
<m and {Smi1,-sSmant NV {lmsts -y tmyr} = 0. To show that

s<°t = st

we proceed by induction on m, the case m = 0 being trivial. Suppose m > 0
and s <°{. Then there exists an injective function

e {l,....om+n}—={1,....,m+1}

such that s; < Lo(k) forall 1 <k <m+ n. Given ¢ with 1 < ¢ < n, we have
to show that s,,4; < t,,4; for some 7 with 1 < 7 <[. Injectivity of ¢ implies
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that there exists r € N such that

@(m+ i), (m+ i) = p(p(m+19),...,¢" (m+14) € {1,...,m}
and "t (m + i) > m. Hence j = m — "t (m + 1) works.

A generalization. The ideas used to establish Noetherianity of F(N™)
above can be generalized somewhat to give a proof of the following fact:

ProposITION 1.12. Let S and T be ordered sets. If F(5) and F(T') are
Noetherian, then F(S x T) is Noetherian.

Recall that for ordered sets S and T', we use Decr(5,7T) to denote the
set of all decreasing maps S — T, ordered pointwise: ¢ < ¥ & p(z) < ()
for all z € 5.

LEMMA 1.13. Let S # () be an ordered sel. The following are equivalent:

(1) For every Noetherian ordered set T', Decr(S,T) is Noetherian.

(2) For some Noetherian ordered set T with |T| > 1, Decr(S,T) is
Noetherian.

(3) Decr(S5,2) is Noetherian. (Here 2 ={0,1} with 0 < 1.)

(4) F(S) is Noetherian.

Proof. (1)=(2) is trivial. For (2)=(3), let T" be a Noetherian ordered
set with more than 1 element, such that Decr(,5,7) is Noetherian. If T" is an
antichain, then so is Decr(5,T). Hence Decr(S5,T), and thus S, are finite.
Therefore Decr(5,2) is finite, hence Noetherian. If 7" is not an antichain,
then there exists a quasi-embedding Decr(5,2) — Decr(S5,T), showing that
Decr(5,2) is Noetherian. For (3)=-(4), note that for every F' € F(95), the
characteristic function ¢p: § — 2 = {0,1} of 5\ F, given by

(2) { 0 ifzelkF,

r) =

o 1 ifz g F,
is decreasing, and ¢r < @g if and only if F' O G, for F,G € F(S5). For
(4)=(1), suppose that F = F(S5) is Noetherian, and let T" be a Noethe-
rian ordered set. Then the image of every decreasing map S — T is finite
(Lemma 1.5(2)). For ¢ € Decr(S,T) and y € T, the inverse image ¢~ (7))
of the initial segment T\, = T'\ (y) = {z € T : z } y} of T' is a final segment
of 5. We define a map
V: Decr(S,T) — (T x F)°

as follows: Given ¢ € Decr(S5,T) let yy,...,yx € T be the distinct elements
of ¢(9); hence o~ !(T,,) D go_l(Tyj) if y; > y;. We put

W(Q‘Q) = [(yh 99_1(Ty1))7 SRR (yka 99_1(Tyk))]'
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One checks easily that ¥ is a quasi-embedding, where (T x F)° is equipped
with the ordering <°. Since (T" x F)° is Noetherian, so is Decr(5,7T), as
desired. m

REMARK 1.14. In [8, Lemma 2.12] it is shown that if 5 is Noetherian
and T is well-founded, then Decr(.5,T) is well-founded.

Proposition 1.12 now follows from Lemmas 1.6 and 1.13.

2. INVARIANTS OF NOETHERIAN ORDERED SETS

Here, we introduce certain ordinal numbers associated to Noetherian
ordered sets, and establish (or recall) some fundamental facts about them.
After some preliminaries concerning ordinal arithmetic we discuss the height
of a Noetherian, or more generally well-founded, ordered set. We then define
the type and width of a Noetherian ordered set S in terms of the heights of
certain well-founded trees associated to 5, and we state some of the basic
relations between them. We relate another invariant (the minimal order type
of §) with the height, and we compute the height of a certain modification of
one of the trees associated with 5. We finish by computing these invariants
for the ordered set S = N™.

Natural sum and product of ordinals. We denote the class of all
ordinal numbers by On. We identify each ordinal with the set of its prede-
cessors; thus a < § is synonymous with a € 3, for «, 8 € On. The smallest
infinite ordinal is denoted by w. Any non-zero ordinal « can be expressed in
the form

a=uwMa +wPay+ -+ w™may,,
where 71 > 79 > --- > 7, are ordinals and aq,...,a, € N. If we require in
addition that the a; are positive, then this representation of « is unique and
called the Cantor normal form of a. The (Hessenberg) natural sum o @ 3
of two ordinals

(2.1) oa=uw"a +w%ay + -+ w"a,
and
(2.2) B =wby + Wby + -+ wmb,

(where a;,b; € N) is defined by
a®f=w"(a1+b1)+w?(az+b2)+ -+ w(an + by).

In particular, we have 0 § a = a @ 0 = «a for all @ € On. The operation G
on On is associative, commutative and strictly increasing when one of the
arguments is fixed: a < 8 = a @ v < 3P v, for all a, [, € On. It follows
that @ is cancellative (i.e., a v = By = a = (). The natural product of
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ordinals @ and 8 written as in (2.1) and (2.2) above, respectively, is given by
a®pb= @w"’i@wfaibj.
i,J
The natural product, too, is associative, commutative, and strictly increas-
ing in both arguments (hence cancellative). The distributive law for & and
@ holds: a®@(8B7) = (a®@ ) B (a®7y). We refer to [5] for more information

about the natural operations on On. Below, we will make use of the identity
(2.3) adf=sup{d ®@B+1,adf +1:a <a, p <3}

for ordinals «, 3.

Height functions. Let S be a well-founded ordered set. For a proof of
the following lemma see, e.g., [16, §2.7]. By convention, sup () := 0 € On.

LEMMA 2.1. The following are equivalent, for a map h: S — Oun:

(1) h is strictly increasing, and if h': S — On is a strictly increasing
map, then h(z) < h'(z) for all z € S.
(2) h is strictly increasing, and h(S) is an initial segment of On.

(3) h(z) =sup{h(y)+1:y <z} forallz € §.

There exists a unique function = htg: S — On satisfying the equivalent
conditions of the lemma. If 5 is clear from the context, we shall just write
ht for hts. The ordinal ht(x) is called the height of « in S, and the image

ht(S) = sup{ht(z)+1:2 € S} € On

of S under ht is called the height of the well-founded ordered set S. The
height of S is the smallest ordinal a such that there exists a strictly increas-
ing function S — a. Equivalently:

(2.4) ht(S5) = sup{o(C): C C § chain}.
If S is well-ordered, then the height ht(S) of S agrees with the order type
o(9) of 5, and the height function ht: 5 — ht(.9) is the unique isomorphism
S — o(9).

LEMMA 2.2, Let S and T be non-empty well-founded ordered sets.

(1) If there exists a strictly increasing map S — T, then ht(.5) < ht(T).
(2) ht(S U T) = max(ht(5),ht(7)).

(3) htsxr(s,t) = hts(s) @ htr(t) foralls€ S, t € T.

(4) max(ht(5),ht(7)) < ht(S x T) < ht(5) & ht(7T).

Proof. Part (1) follows immediately from (1) in the previous lemma.
Part (2) is obvious. For a proof of (3) and (4) see [16, 4.8.3]. m

The following lemma will be used in Section 3. Let us call amap ¢: S —T
between ordered sets S and T non-decreasing if x < y = p(z) # ¢(y), for
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all z,y € S. (If T is totally ordered, then non-decreasing is equivalent to
strictly increasing.)

LEMMA 2.3. Let S be a well-founded ordered set. The following are equiv-
alent, for a strictly increasing surjection h: S — T, where T is a well-ordered
set:

(1) hts = htg oh.

(2) For every ordered set T' and strictly increasing map h': S — T' there

exists a non-decreasing map : T — T' such that 1»o h < h'.
(3) For every totally ordered set T" and strictly increasing map h': 5 —T'
there exists a strictly increasing map v¥: T — T' such that Yoh < h'.

Gliven strictly increasing surjections h: S — T and h': S — T' satisfying
these conditions, with totally ordered sets T and T', there exists an isomor-
phism @: T — T' such that h' = poh.

Proof. For (1)=(2), suppose htg = hty oh, and let T’ be an ordered set,
h': S — T’ strictly increasing. Then htg:oh’ is strictly increasing, hence
htpoh = htg < htg/oh/, and ht(S) = hty(h(S5)) is an initial segment
of the range of hty/oh'. We let + denote the natural inclusion ht(5) —
(htgs oh')(S). For y € ht(T’) let ht7i(y) € T’ denote the smallest z € 7"
such that htr/(z) = y. Then htp/(ht7) (y)) = y and ht7/ (htp(z)) < @ for all
z €T yeht(T). The map ¢ = htj_w,1 ocohty is non-decreasing and satisfies
Y(h(s)) < h'(s) for all s € S as required.

The implication (2)=(3) is trivial. Suppose that & satisfies (3). Then for
every strictly increasing function A’: § — On there exists a strictly increas-
ing map ¢: T — On such that ¥ o h < h'. Hence ¢' = ¢ o ht}l is a strictly
increasing embedding of the ordinal ht(T") into On with ¢' o (htg oh) < A'.
Since ¥'(a) > a for all ordinals a < ht(T), it follows that htyoh < A’
Hence hty oh = htg.

For the second part,let T and T’ be totally ordered sets, and let h: S — T
and A': S — T’ be strictly increasing surjections satisfying these equivalent
conditions. Then hty oh = htg = htgs ok, hence A’ = ¢ o h for the isomor-
phism ¢ = ht/ ohty: T — 7', m

Trees. A lree on a set U is a non-empty final segment 7' of (U*, ).
(Recall that @ O3 b < b is a truncation of a.) The empty sequence ¢ is the
largest element of a tree T on U, called the root of T. The elements of T
are called the nodes of the tree T', and the minimal elements of T are called
the leafs of T'. Given a node ¢ = (aq,...,a,) of T, we denote by T, the tree

To:={beU*:abe T},

called the subtree of T with root at a. Let S be a treeon U, and T a tree on V.
A map ¢: S — T is called length-preserving if length(p(s)) = length(s) for
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all s € S. Any increasing length-preserving map S — T is strictly increasing,
and the image of S is a tree on V. Moreover:

LEMMA 2.4. For a map ¢: S — T, the following are equivalent:
(1) ¢ is increasing and length-preserving.
(2) ¢le) = ¢, and for all s € S, a € U there exists b € V wilh ¢(sa) =
©(s)b.
Given a map ¢: U — V we obtain an increasing length-preserving map
U* — V*, also denoted by ¢, by setting

wlay,...,a,) = (plar),...,p(a,)) foray,...,a, € U.

Rank of a well-founded tree. Let 7" be a well-founded tree on a set U.
Then ht(7T") = ht(e) + 1. (Recall that e is the root of T'). We call the ordinal
ht(e) the rank of the tree T', denoted by rk(7"). Hence rk(7") = 0 if and only
if T'={e}, and ht(a) = rk(T,) for any ¢ € T. Also note that
(2.5) tk(T) = sup{ht((z))+ 1:2 € U, (z) € T}.

Every tree T" on U with 7" C T is well-founded with rk(7") < rk(7T'). More
generally:

LEMMA 2.5. Let S and T be irees on U and V, respectively. If T is
well-founded, then the following are equivalent:

(1) S is well-founded with rk(S) < rk(T').

(2) There exists a length-preserving increasing map S — T.

(3) There exists a strictly increasing map S — T.

Proof. For a proof of (1)=-(2) see, e.g., [20, (2.9)]. The implication
(2)=(3) is trivial, and (3)=(1) follows from Lemma 2.2(1). =

Invariants of Noetherian ordered sets. Every Noetherian ordered
set S is well-founded, hence has a certain height ht(.5). Following [24],
we now introduce two other ordinal-valued invariants associated to every
Noetherian ordered set S, called the type and the width of S. Together,
they measure the complexity of 5. First, for an ordered set 5 we define the
following trees on §:

Dec(S):={(s1,...,8,) € 5% :s; > s; forall 1 <i<j<n},
Ant(S) == {(s1,...,8,) € 5" 5 || sj forall 1 <i<j<n},
Bad(5):={(s1,...,8,) € 5% 15, £s; forall 1 <i<j<n}
We call Dec(9) the tree of decreasing sequences of S, Ant(9) the tree of anti-
chains of 9, and Bad(9) the tree of bad sequences of 5. Note that S is well-

founded if and only if Dec(5) is well-founded, and ht(.5) = rk(Dec(.5)). The
tree Ant(.5) is well-founded if and only if every antichain of S is finite, and
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is Noetherian if and only if Bad(5) is well-founded. For any quasi-embedding
¢: 8§ — T of Noetherian ordered sets we have @(Ant(.5)) C Ant(7") and
¢(Bad(S)) C Bad(T).

DEFINITION 2.6. Let S be a Noetherian ordered set. Then

(1) wd(S) := rk(Ant(5)) is called the width of S, and

(2) o(9) := rk(Bad(9)) is called the type of 5.

If the ordering on S is total (i.e., S is well-ordered) then Dec(S5) =
Bad(5), hence rk(Bad(5)) is the order type of S, justifying our choice of
notation. Note that

(2.6) ht ane(s)(s) = wd(S1¥)  for s € Ant(S),
where Slls := {y € § : y||s; for all i} for s = (s1,...,5,) € §*, and
(2.7) higaq(s)(s) = o(SZ%)  for s € Bad(5),

where SZ° := {ye S:yPsforalli} fors=(s1,...,8,) € 5™

Characterization of height and type. The height and the type of
a Noetherian ordered set allow important reinterpretations. Recall that any
total ordering extending a Noetherian ordering is a well-ordering (cf. Propo-
sition 1.3).

THEOREM 2.7. Let S be a Noetherian ordered set.

(1) There ezxists a total ordering on S extending the given ordering of
mazimal possible order type; this order type equals o(5) (de Jongh—
Parikh [11]).

(2) There exists a chain of S of maximal possible order type; this order

type equals ht(.S) (Wolk [47]).

Because of (1), the type of a Noetherian ordered set S is sometimes also
called the maxzimal order type of S. The width of S is finite if and only if
there is some n such that every antichain in S has size < n; the smallest
such n is wd(5). In this case, S is a union of wd(S) chains (Dilworth [13]).
In general (i.e., for infinite width), no characterization of the width similar
to (1) or (2) in the theorem above seems to be known. (See [24, p. 77].) We
refer to [1], [35] for discussions of Dilworth’s Theorem in the case of infinite

width.)

Basic facts about type and width. We record some basic properties:

ProrosiTioN 2.8. Let S and T be Noetherian ordered sets.

(1) o(S) = sup{o(5Z%) + 1:z € S}.

(2) If there exists a quasi-embedding S — T, then o(S) < o(T). (In
particular if S C T, then o(S) < o(T).)
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(3) If there exists an increasing surjection S — T, then o(S) > o(T).

(4) ol SUT)=0(S5)Bo(T) and o(S x T) = o(5) @ o(T).

Proof. Part (1) follows from (2.5) and (2.7), and part (2) from Lem-
ma 2.2(1) and the remarks preceding Definition 2.6. For (3) suppose that
@: S — T is an increasing surjection. For every ¢t € T' choose ¥(t) € S with
e(p(t)) =t If (t1,...,t,) € Bad(T) then (¢(t1),...,%(t,)) € Bad(5), so ¢
induces an increasing and length-preserving map Bad(7) — Bad(5). Hence
o(T) = rk(Bad(T")) < rk(Bad(.5)) = o(5) by Lemma 2.2(1). For a proof of
(4) see [11] or [24]. m

The computation of o(.9), for a concrete given Noetherian ordered set 5,
is often quite hard; see, e.g., [39]. In Section 4 we will bound the maximal
order type of the Noetherian ordered set of monomial ideals.

ProprosITION 2.9. Let S and T be Noetherian ordered sets.

(1) wd(8) = sup{wd(SI*) 4 1:2 € §}.

(2) If there exists a quasi-embedding S — T, then wd(S) < wd(T). (In

particular if S C T, then wd(S5) < wd(T).)

(3) If there exists an increasing surjection S — T, then wd(.S) > wd(T).

(4) wd(S I T) =wd(S)® wd(T).

Proof. Part (1) follows from (2.5) and (2.6), and part (2) again from
Lemma 2.2(1). The proof of (3) is similar to the proof of Proposition 2.8(3).
Part (4) is shown by induction on wd()®wd(T): Since (SUT)I* = sll=117T
if €8 and (SUT)I*=SUTI®if 2 € T, from (1) we get

wd(STT) = sup{wd(SIP I T) + 1, wd(STUTI")+1:2€ S, ye T}
By inductive hypothesis and (2.3) we get wd(S I T) = wd(5) & wd(T). m

A formula for the width of a x 3 ordered componentwise, where a and

(3 are ordinals, can be found in [1], and a formula for the width of S x T
ordered lexicographically, for Noetherian ordered sets S and T, in [2].

Connections between the invariants. Height, width and type are
related by the following inequality:

ProrposiTiON 2.10 (Height-Width Theorem, [24]). Let S be a Noethe-
rian ordered set. Then
o(9) < ht(9) @ wd(.9).
This generalizes the well-known fact that a finite ordered set with at
least rs + 1 elements contains a chain with » + 1 elements or an antichain
with s + 1 elements.

Proof. Since we will need a similar idea below (Lemma 2.19), we sketch
the proof of Proposition 2.10. Let g = ht,(s) be the height function of the
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tree of antichains of 5, and define h: Bad(S5) \ {¢} — wd(5) by

(81,+.y8n) 1=
min{g(si,,...,8i,) 1 <ip <-- <ipm =n,ht(s;,) <+ < ht(s;,,)}
for (s1,...,8,) € Bad(S5), n > 1. It is easy to see that f(¢):=¢e and

f(s1,...,80) =
((ht(s1),h(s1)), (ht(s2), h(s1,52)), ..., (ht(sn), h(S1,...,8)))
defines a strictly increasing map f: Bad(,9) — Bad(ht(.5) x wd(.9)). Hence
o(5) < o(ht(S) x wd(.5)) = ht(5) @ wd(5)
by Lemma 2.5 and Proposition 2.8(4). =

The following proposition connects the type of a Noetherian ordered
set S with the height of the well-founded ordered set (F(5), D) of its final

segments:

ProposiTIiON 2.11 (Bonnet-Pouzet [7]). For every Noetherian ordered
set S,
ht(F(5)) = o(S) + 1.

Let us outline the main idea of the proof of this fact. First we note that
Proposition 2.11 is a consequence of the following lemma, the characteriza-
tion (2.4) of the height, Theorem 2.7(1), and the fact that ht(F(a))=a+1
for any ordinal a.

LEMMA 2.12. Let (5, <) be an ordered set. The assignment <'— F(S5, <')
is a one-to-one correspondence between the total orderings <' on § extending
< and the maximal chains of the ordered set (F(S5,<), D).

It is easy to verify that the map in the lemma is well-defined, and it
is clearly one-to-one. Now let C be a maximal chain of F(S, <). Define a
binary relation <¢ on § by z <¢ y :< every F € C which contains z also
contains y. The main work consists in establishing that for any two distinct
elements z # y of S for which there exists F' € F(9,<)with z € F', y ¢ F,
there exists G € C with z € G, y ¢ G. (For the details see [7].) From this
it is straightforward to check that <¢ is a total ordering on S extending <,

and F(5,<¢) =C.

Height and minimal order type. Let (5, <) be a Noetherian ordered
set. Then there is a smallest ordinal a such that < has an extension to a
well-ordering on 5 of order type a. We call a the minimal order type of 5,
denoted by 0*(5). We show here that this ordinal agrees with the height of
S if ht(.9) is a limit ordinal, and differs from the height of S at most by a
finite ordinal otherwise. (This was observed in [39, pp. 8-10].) In the first
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case we also show how to obtain an extension <* of < to a well-ordering of
S of order type 0*(.9). This will all be based on the following observation:

LEMMA 2.13. The height function ht: S — ht(.S) has finite fibers.
Proof. By Lemma 1.5(1) and the fact that ht is strictly increasing. m

Let now <’ be any extension of < to a well-ordering on 5. Define a binary
relation <* on 5 by

(2.8) z <"y o (hi(z), ) <iex (hi(y), ).
Here <jex denotes the lexicographic product of the ordering of ht(.9) and <',
that is,
(,2) <iex (B,y) & a<Bor(a=panda<y),

for all o, 5 < ht(S) and z,y € S. It is straightforward to check that <* is
an extension of < to a well-ordering of 5. We denote the height function of
(5, <*) by ht*: § — ht*(.9).

LEMMA 2.14. For all z € S, ht*(z) < ht(z) + w.

Proof. By transfinite induction on @ = ht(z). If a = 0, then z is one of
the finitely many minimal elements of (.9, <). Hence there are only finitely
many y € 5 with y <* 2, hence ht*(z) < w. For the successor case, suppose
that ht(z) = a+ 1, and choose y < & with ht(y) = a. There are only finitely
many elements y = yo <* y3 <* -+ <* y,, = « of 5 which lie between y
and z in the ordering <*. So ht*(z) = ht*(y) + m, and by induction we
get ht*(y) < ht(y) + w = o + w. Hence ht*(z) < (a + 1) + w = ht(z) + w.
Now suppose that « is a limit ordinal. Let zg <* @1 <* --- <* ¢, = ¢ be
the elements of height o which are <* x; so ht"(z) = ht*(z¢) + n. We have
ht(y) < ht(z) for all y € S with y <* g, hence ht*(y) < ht(y) + w < ht(z)
by inductive hypothesis and since ht(z) = « is a limit ordinal. Therefore

ht*(zo) = sup{ht*(y) + 1 : y <* 2o} < ht(z),
and hence ht*(z) < ht(z) 4+ w as required. m
Cororrary 2.15. (1) If ht(S, <) is a successor ordinal, then
ht(9, <) <0%(5,<) <o(5,<*) < ht(5, <)+ w.
(2) If ht(9, <) is a limit ordinal, then
0"(9,<) =0(5,<*) = ht(5,<). =

In Section 4 we will apply this corollary in the following situation: Sup-
pose that S is a Noetherian ordered set with a largest element sy whose
height ht(sp) is a limit ordinal. Then the Noetherian ordered set Sy = S\{so}
has height ht(sg). By part (1) of the corollary, it follows that 0*(.Sg) = ht(sg)
and hence S has minimal order type 0*(.5) = ht(sg) + 1 = ht(5).
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Total orderings of monomials. As an illustration for the material in
this section, we now compute the invariants ht, o, wd, and ht* for the Noethe-
rian ordered set N, and hence for the set of monomials in the polynomial
ring K[Xy,..., X,,] over a field K, ordered by divisibility (see Example 1.1).
It is convenient to consider, slightly more generally, Noetherian ordered sets
of the form N x §, where 5 is a finite non-empty ordered set.

LEMMA 2.16. Let S be a finite non-empty ordered set and m > 0. Then
h(N™ x §)=w, o(N"x8)=w™S], " (N™xS95)=uw.

Proof. The function (v,s) — |v| + hts(s): N™ x § — N is strictly
increasing. Hence ht((v,s)) = |v| 4+ hts(s) for all (v,s) € N™ x S, and
ht(N™ x §) = w. By Corollary 2.15(2) this yields ht*(N™ x ) = w. By
Proposition 2.8(4) we get o(N™ x §) = o(N™) @ o(5) = w™|S5|. m

The lexicographic ordering <jex on N is an example for a total ordering
of N extending the product ordering < and having maximal order type.

Given any total ordering <’ on N extending <, we obtain a total ordering
<* on N™ of minimal order type w extending <, as shown in (2.8):

v<*u & |v| <lul,or|v|=|uland v <" p.
For <'=<jex (the lexicographic ordering of N™) the ordering obtained in this
way is commonly called the degree-lexicographic ordering of N™. Orderings
of the form <* are called degree-compatible. In applications, one is usually
interested in total orderings <’ extending < which are semigroup orderings,
that is, which satisfy the condition
v<'u = v+ A< u+ A forall v,u, A e N,

A total semigroup ordering on N™ extending < is called a term ordering.
Via the usual identification of N with X°, term orderings on N hence
correspond to term orderings on X ° (as defined in Remark 1.10), where X =
{X1,...,X,n} carries the trivial ordering. The lexicographic and degree-
lexicographic orderings of N are term orderings. A complete description of
all term orderings on N™ is available [37]: For any such ordering <’ there
exists an invertible m X m-matrix A with real coeflicients such that

(2.9) v<'p & Av <jex Ap for all v, u € N™,

where <jex denotes the lexicographic ordering on R”. Conversely, any matrix
A € GL(m,R) satisfying Ae; >1ex 0 for all ¢ = 1,...,m (where ¢; denotes
the ith unit vector in R™) gives rise to a term ordering <’ on N™, via (2.9).
In particular, the order types of term orders on N are the ordinals of the
form w* with 1 < k < m. There are only m! different term orderings of
maximal order type w™ on N™ (obtained by choosing permutation matrices
for A), and for each 1 < k < m there are continuum many term orderings
on N™ with order type w¥. (See [29].)
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More generally, a ranking of N™ x §, where S is a finite non-empty set,
is a total ordering of N x .S which extends the product ordering on N™ x §
(where S is equipped with the trivial ordering) and satisfies

(v,s) < (p,t) = (v+A,s) < (p+ A t) forall v,u, Ae N™.

Rankings play a role in algorithmic differential algebra (e.g., in the the-
ory of Riquier-Janet bases) similar to the role played by term orderings
in ordinary algorithmic algebra (in the theory of Grobuer bases), see [22],

[38]: the elements (v,7) of N x {1,...,n} correspond to the derivatives
3|”|y2/ OX['---0X2m where y', ... y" are differential indeterminates over

a differential ring with m commuting derivations 9/90X1,...,39/0X,,. Rank-
ings also naturally arise when Grobuner basis theory is generalized to finitely
generated free modules over K [X] (see [15, Chapter 15]). We refer to [38] for
a (rather involved) classification of rankings which extends the one of term
orderings described above. It would be interesting to determine the possible
order types of rankings from this classification.

We now turn to wd(N” x §). By the Height-Width Theorem 2.10 we
have wd(N™ x §) > w™ 1S, since ht(N™ x §) = w, o(N™ x §) = w™|9].
We will show:

PrOPOSITION 2.17. wd(N™ x S) = w™ S| for all m > 0 and all finite
non-empty ordered sels 5.

In the proof, we will use the following lemma.

LEMMA 2.18. Let T1,...,T,, be well-ordered sets, T = T7 X -+ X Tp,.
Then, for any a = (ay,...,am) € T,

Wd(THa) — @Wd(Tflal Ko X T;-;Lnuam)7

where the sum runs over all e = (e1,...,6m) € {<, >} such that for some
t,J, we have ¢; = < and ¢; = >.

Proof. By (2.6), the fact that
Tl = T e - x Tgmem,

and Proposition 2.9(4). =

In order to prove Proposition 2.17, it suffices to show wd(N™ x §) <
w™=1 S| for all m > 0 and finite ordered sets S # (). We proceed by induction
on m. Note first that if M # () is an ordered set, then we have a natural quasi-
embedding of M x § into M 1I---1L M (|S] times); hence if M is Noetherian,
then wd(M x §) < wd(M)|S]. For M = N this yields wd(N x §) < |9],

and hence the base case m = 1 of our induction. Now suppose m > 1. With
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T = N™ we have
wd(T) = sup{wd(T!1*) + 1 :a € T}.

Let ¢ = (e1,...,6m) € {<,>}™ be such that for some ¢, j, we have ¢; = <
and ¢; = >, and let @ = (a1,...,a,) € N™. For b € N, if ¢ = <, then N*
is finite, and if ¢ = >, then N°® 2 N, It follows that N*1%1 x ... x Nenom =
N* x U7 for some 1 < k < m and some non-empty finite ordered set /. By
induction wd(N1%1 x ... x Nenom) < *F=1|[J|. By the lemma, this yields
wd((N™)ll9) < w™=1 and thus wd(N™ x §) < wd(N™)|§| < w™ 15| as

desired. m

A variant of the tree of antichains. Let S be a Noetherian ordered
set. In Section 4, we will need a variant of the tree of antichains Ant(.5) of
S. For this, we fix a total ordering <’ extending the ordering < of 5. We
define a tree
Ant</(9) :={(s1,...,8,) € 5" 15; || sjand s; <"sjforall 1 < i< j<n}

on 5, an ordered subset of the tree Ant(.S) of antichains of 5. We clearly
have tk(Ant</(5)) < tk(Ant(S5)) = wd(5), and we conjecture that in gen-
eral, the reverse inequality is also true. Here, we confine ourselves to show-
ing:

LemMa 2.19. tk(Ant</(N™ x §)) = w™|S| for any finite non-empty
ordered set S and total ordering <' on N™ x S of order type w extending the
product ordering.

This follows immediately from Proposition 2.17 above and the following
fact:

LEMMA 2.20. o(S5) < oS, <")@rk(Ant</(5)) for any Noetherian ordered
set (9, <) and any total ordering <" extending <.

Proof. Put a = tk(Ant</(5)). Let g = htane_,(5) be the height function
of Ant</(5). Define h: Bad(5)\ {e} — aby

h(s1,...,5n)
= min{g(siy,..08:,) 1 1<t < <y =m, 8y <
for (s1,...,5,) € Bad(5), n > 1. Then f(e) := ¢ and
F(s1,.0,80) 1= ((s1,h(51)), (s1, h(51,52)), -« s (S, R(S1, ..., 80)))
defines a strictly increasing map
f: Bad(S) — Bad((9,<') x a).
Hence o(5) < o((5, <) x a) = 0(5,<") ® a. =

/... </ Sim}a
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3. THE ORDERED SET OF HILBERT POLYNOMIALS

In this section we discuss the sets of Hilbert and Hilbert—Samuel poly-
nomials of finitely generated graded K-algebras (where K is a field) as or-
dered sets, with the ordering given by the relation of eventual dominance.
Macaulay’s Theorem on the possible Hilbert functions of such K-algebras
will play an important role. We begin by recalling this theorem and some
of its consequences, in particular a description of all Hilbert—Samuel poly-
nomials of finitely generated graded K-algebras. This description will be
used to give an interpretation of the height function on F(N™) in terms of
the coeflicients of the Hilbert—Samuel polynomial. We give two applications
concerning increasing chains of ideals in polynomial rings.

Integer-valued polynomials. Recall that a polynomial f(7) € Q[T]
(in a single variable T') is called an integer-valued polynomial if f(s) is an
integer for all s € N. For example,

(T) B T(T-1)--(T—7+1)
j J!

is integer-valued. The polynomials (T;H) (for i € N) form a basis for the
Z-submodule of Q[T'] consisting of the integer-valued polynomials, i.e., every

non-zero integer-valued polynomial f(7') € Q[T'] can be uniquely written in
the form

f(T)=bd(Td+d> +bd_1(Td+fl_1) +---+bo(TO+O>

with bg,...,bq € Z, by # 0. We totally order the integer-valued polynomials
’lt))z C(jioem%njzf;: if f(T) = 2%, bZ(T;H) and ¢(T) = Z?:o c]'(Tjj) with
(1)< g(T) & f(s) < g(s) forall s> 0
p=— (bd, bd—h Ceay bo) <Yex (Cd, Cd—1yens CO) in Zd+1.

€QTl (G eN)

With this ordering, the ring of integer-valued polynomials becomes an or-
dered integral domain.

Hilbert polynomials of homogeneous ideals. In this section, K
denotes a field. Let I be a homogeneous ideal of a polynomial ring K[X] =
K[X1,...,X,,] over K; that is, the ideal I is generated by homogeneous
elements of positive degree. Then as a K-vector space, R = K[X]/I has a
direct-sum decomposition R = Ro & R1 & --- given by

Rs:={f+ 1€ R: fe K[X] has total degree s}.

This decomposition makes R into a graded K -algebra: we have Rg = K and
Rs- R C Ry for all s,¢. Each component R is a finite-dimensional vector
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space over K. The function H;: N — N defined by H;(s) = dimg R; is
called the Hilbert function of I. There exists an integer-valued polynomial
Py of degree < m (the Hilbert polynomial of I') such that s — P(s) agrees
with s — Hj(s) for sufficiently large s. The degree of Py is one less than the
Krull dimension of the ring R. (See, e.g., [15, Corollary 13.7].) If I = (1) is
the unit ideal in K[X], we put Hy(s) = 0 for all s and Py = 0. As usual the
degree of the zero polynomial is deg 0 := —1.

For a final segment £ of N, we call Hg := Hj, and Pg := Pr, the
Hilbert function and Hilbert polynomial of E, respectively, where Iy C Q[X]
is the monomial ideal corresponding to F. Given any final segment F of N,
let us write Vg := N\ E for the complement of £ in N™ (an initial segment
of N™). We then have Hg(n) = |Vg,| for all n, where Z, := {z € Z :
|z| = n} for Z C N™.

Macaulay’s Theorem. A classical theorem of Macaulay characterizes
those functions f: N — N which arise as Hilbert functions of homogeneous
ideals I C K[X]. Before we state Macaulay’s Theorem, we have to introduce
some more notation. (As a general reference for this material, we recommend
[10, Chapter 4].) Given an integer d > 1, every positive integer «¢ can be
written uniquely in the form

o= () () e ()

where ag > ag_1 > --+ > ay > 0. This sum is called the dth Macaulay
representation of a, and (ag, . ..,a1) are called the dth Macaulay coefficients
of a. We have a < b if and only if (aq,...,a1) <jex (b4, ...,b1). We define

(@ _ (@a+1 ag—1 +1 a; + 1
¢ (d-|—1)+((d—1)-|-1 Tt g )
and 09 := 0. We have (for a proof see [10, p. 162]):

THEOREM 3.1 (Macaulay, [27]). Let f: N — N. The following are equiv-
alent:

(1) There exists a homogeneous ideal I C K[X] with Hyr = f.

(2) We have f(1) = m, and if M,, denotes the set of the first f(n) el-
ements of N™ of degree n, in the lexicographic ordering, then M =
Unen My is an initial segment of N™.

(3) £f(0)=1, f(1) =m, and f(n+ 1) < f(n)™ for alln > 1.

A final segment F of N™ is called a lex-segment of N™ if for every n
the set F, = {e € E : |e| = n} of elements of E having degree n is a final
segment of (N), under the lexicographic ordering. (This terminology is
used slightly differently in [10].) If M is as in statement (2) of the theorem,
then clearly N™ \ M is a lex-segment of N with Hilbert function f.
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The zero ideal (0) of K[X] = K[Xy,...,X,,] has Hilbert polynomial
T::fl_ ! ) The following characterization of Hilbert polynomials of non-zero
ideals is well-known:

CoroLLARY 3.2. A polynomial P(T) € Q[T] is a Hilbert polynomial of
some non-zero homogeneous ideal of K[X| = K[X1,...,X,,] if and only if
1

T+a T+ ay— TH+as—(s—1

(3.1) P(T):( 1>+( 2 )+...+( ( )>
a a2 Qs

for certain integers m — 1 > ay > a9 > --- > a5 > 0, with s > 1.

Proof. Let I C K[X], I # (0), be a homogeneous ideal with Hilbert

function f = Hj and Hilbert polynomial P. Macaulay’s Theorem implies
(see [10, Corollary 4.2.14]) that there exists an integer ny € N such that
f(n+1)= f(n)<”> for all n > ng. We have f(n) = P(n) for all n > ng: Let

f(no) = (C;g) + (;:0__11> S (cll)

be the ngth Macaulay representation of f(ng), and j > 1 minimal with
€j > J,80 Cpg > Cpg—1 > --->¢; > 7 > 1. Then for n = ng + k with £ > 0,

I + k Cno—l‘l'k) (C]‘|‘k)

_ (n—}—al>_I_(n%—ag—l)_I__“_I_(n—}—as—(s—l)>7
a1 as g

where ap,_iy1 = ¢, —ifori=7j,...,n9,and s = ng — 7+ 1 > 0. We have
a1 = degP =dimlI —1< m-—1, and hence m — 1 > ay > --- > as > 0.
Conversely, suppose P(T) is an integer-valued polynomial in the form given
in the corollary; we may assume P # 0. For n > s,

P(n) = (nflal)Jr ("J;a_?l_l) P ("ZCZ_(—S(;S1—)1)>

withn+a1 >n+a3—1>--->n+as—(s—1)>0is the nth Macaulay
representation of P(n). Hence P(n 4 1) = P(n)\"™ for all n > s. The nth
Macaulay coeflicients of (n+:’;_1) are (n +m —1,0,...,0). Since s + a1 <
s+ m — 1 it follows that P(n) < (""7~") for all n > s. Define f: N — N
by f(n) = (n"";_l) forn < s and f(n) = P(n) for n > s. Then f(n+1) <
f(n)™ for all n. Moreover, if s > 1, then f(1) = m, and if s = 1, then
f(1) =a1 4+ 1 < m. By Theorem 3.1 we get f = Hy, and hence P = Py, for
some non-zero homogeneous ideal I of K[X]. m

The integers aq, ..., as describing a Hilbert polynomial P asin the corol-
lary are uniquely determined by P. For a homogeneous ideal I of K[X] let

no(I) := min{ng € N: Hy(n + 1) = Hp(n)"™ for all n > ng}.
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If £ is a lex-segment, then ng(/g) agrees with the largest degree of a min-

imal generator of E (see [10, Corollary 4.2.9]). Note that given a Hilbert

polynomial P of a non-zero homogeneous ideal as in (3.1), the integer
@(P) :=min{no(l) : I C K[X] homogeneous ideal with P; = P}

coincides with s (by the proof of Corollary 3.2). We put (1) := (Pr) for
any non-zero homogeneous ideal I of K[X]. We have Hy(n) = Pr(n) for all
n > ¢(I). We also note:

CoroLLARY 3.3. Let P(T) € Q[T] and degP < m — 1. If P is the
Hilbert polynomial of some non-empty final segment of N (for some n),
then P s the Hilbert polynomial of some non-empty final segment of N™.

The ordered set of Hilbert polynomials. Let us write
Hp:={Hg: FE € F(N")}
for the set of Hilbert functions of final segments of N, and put H :=
U,, Hm. We consider H as an ordered set via the product ordering:
Hp < Hp & Hg(s) < Hp(s) for all s.
We have a strictly increasing surjection
(F(N™),2) = Hp: E— Hg.

Hence by Corollary 1.8:

COROLLARY 3.4. The ordered set H,, is Noetherian. m

REMARK 3.5. In fact, the ordered set H is also Noetherian. This can be
shown using Nash-Williams’s theory of “better-quasi-orderings” (see [3]).

We write
P ={Pg: E € F(N™)}

for the set of Hilbert polynomials (of final segments of N™), and P :=
U, Pm. We totally order P via the dominance ordering <. Clearly Hg <
Hp = Pg < Pr, so

is an increasing surjection. A variant of the following fact has first been
proved by Sit [41] using different methods:

COROLLARY 3.6. The dominance ordering on the set P of Hilbert poly-
nomials is a well-ordering.

Proof. By Corollary 3.4 and the preceding remarks, P, is well-ordered
for every m. Moreover, the leading coefficients of polynomials P, € P
are positive, so if deg P < deg@, then P < (). This implies that for every
decreasing sequence Py > P; > --- in P there exists some m such that
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P; € P, for all © > 0, and hence P; = P;y; for all ¢ > 0. This shows that P
is well-ordered. =

The following will be used in [4]:
CoOROLLARY 3.7. If P,QQ € P then P+ Q € P and P-@Q € P. That is,

P is a subsemiring of the ring of all integer-valued polynomials.

Proof. By Corollary 3.3 we have P = Pr and () = Pj for non-zero mono-
mial ideals I C Q[X] and J C Q[Y], where X = {Xy,...,X,,} and Y =
{Y1,...,Y,} are disjoint sets of distinct indeterminates and m = deg P + 2,
n = deg () + 2. Consider the homomorphism of graded Q-algebras

QX,Y] — QX]/Te Q[Y]/J
defined by
Xi—ao;=X;4+1 and Y, —y; =Y;+J forall,j.
It is easy to see that its kernel Ky is generated by
TUJU{XY;:1<i<m,1<j+#n}
(hence is @ monomial ideal of Q[X,Y]), and

dimg(Q[X,Y]/Ko)s = dimg(Q[X]/I)s + dimg(Q[Y]/J)s
for all s except possibly 0. In particular, Px, = Pr + P; € Puy, where
M = m+n. As to P - @, it is well-known that P - = Pg, where 5 C
Q[Z1,...,ZN], N := m - n, is the homogeneous ideal corresponding to the

image of V(I)x V(J) C P! xP" ! in PN~! under the Segre embedding. =

REMARK 3.8. We write P}, := P, \ { Py}, where Pj = (T;Tfl_l) By the
proof of the corollary P}, is closed under addition.

Hilbert—Samuel polynomials. We now associate another integer-
valued polynomial to a homogeneous ideal I of K[X]. The function h;: N —
N given by

hi(s) =dimg(Ro® --- @& Rs) fors €N,
where R = K[X]/I as at the beginning of this section, is called the Hilbert—
Samuel function of the ideal I. We put h(y)(s) = 0 for all s. If £ € F(N™)
we put hg := hy,, where Iy is the monomial ideal in Q[X] corresponding
to E. With the notation Z<, := {z € N : |z| < s} for Z C N™ and s € N
we then have hg(s) = |"[E,§_s| for all s.

LEMMA 3.9. Given a homogeneous ideal I of K[X] there exists an
integer-valued polynomial p; of degree < m such that pr(s) = hy(s) for
all s> 0 in N.

Indeed, the function hj is nothing but the Hilbert function of the ho-
mogeneous ideal 1.5 of the polynomial ring S := K[Xo, Xy,..., X,,]. We
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call the polynomial pr the Hilbert-Samuel polynomial of the homogeneous
ideal I. We put pg := py, for E € F(N™).

LEMMA 3.10. A polynomial p(T) € Q[T] is the Hilbert-Samuel polyno-
mial of a non-zero homogeneous ideal of the polynomial ring K[ X1, ..., X,,]
if and only if p is the Hilbert polynomial of some non-zero homogeneous ideal
Of ]([XQ, Xi,..., Xm]

Proof. The “only if” part follows from the preceding discussion. Convers-
ely, suppose there exists a non-zero homogeneous ideal I of K[Xg,..., X ]
such that p = Pr. We may assume that the maximal ideal (Xo,...,X,,) is
not an associated prime of I. (Otherwise, p = Pr = 0.) Then for a generic lin-
ear form h € K[Xo,...,X,:], multiplication by h on R = K[Xo,...,X]/I
is injective (see [10, Proposition 1.5.12]). We have a short exact sequence of
graded K-algebras and degree 0 maps:

0—>R(—1)£>R—>S—>0,

where R(—1) = ,., R(—1); with R(—1)g = 0, R(—1)s = Rs_y for s > 1,
and § = K[Xo,..., X,,]/J with J = I 4 (h). Hence

Hin)— Hif(n—1)=Hj(n) forn>1

and so Hy(n) = Y._, Hj(i) for all n. Note that Hy(1) = Hy(1) — 1 < m,
so by Macaulay’s Theorem there exists a non-zero homogeneous ideal .J’ of
K[Xy,...,X,,] with Hy = Hj. Hence Hr = hy = hy and thus p = Py
=pj.n

REMARK 3.11. We leave it to the reader to use the characterization of
Hilbert polynomials established in Corollary 3.2 in conjunction with the
previous lemma to formulate and prove an analogous characterization of
Hilbert-Samuel polynomials. For the empty final segment () C N we have
po(T) = (T;m) If p(T') € Q[T] has degree m — 1 and is of the form p = pp
for some non-empty final segment F' of N (for some n), then there exists a
non-empty final segment F of N with p = pg.

Somewhat more generally, we can also define the Hilbert function Hg
and Hilbert polynomial Pg of an n-tuple E' = (Ey,..., E,) of final segments
of N by setting

Hp=Hp +---+Hg,, Pg=Pg +-+Pg,.

Similarly we define the Hilbert-Samuel function hg and the Hilbert-Samuel
polynomial pg of E. (We will use these constructions in [4].) Given n-tuples
E = (Fy,...,E,) and F = (Fy,...,F,) of final segments of N, we will
write ¥ O F if E; D F; for all ¢ = 1,...,n; that is, O denotes the product
order on F(N™)". The map that assigns to F its Hilbert function has finite
fibers. In fact:
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LEMMA 3.12. The maps
E'_)HEv EHhEv EHPE
on F(N"™)" are strictly increasing and hence have finite fibers.

Proof. Let E and E’ be n-tuples of final segments of N™ with £ > E’.
Then clearly Hg < Hg (thus hg < hgr and pg < pgr) and Hg # Hpgr. Say
HEg(sg) < Hpi(sg) for some sg; then pg(s) < pgi(s) for all s > sy sufficiently
large. The rest now follows from Lemma 1.5(1) and the Noetherianity of
F(N™)". m

It might be worth pointing out that although in general there are in-
finitely many final segments of N™ with a given Hilbert polynomial P (for
example, every non-empty final segment of N has Hilbert polynomial 0), it

is not difficult to see that there always exists a smallest Hilbert function Hg
with Pg = P.

The ordered set of Hilbert—Samuel polynomials. We write
Sy i=A{pe: E € F(N™)}
for the set of Hilbert—Samuel polynomials of final segments of N™, and

S :=U,, Sm.- Wealsolet S}, := S, \{pg} with pg = (Tﬂ";m) By Lemma 3.10,
we have §7 = Py for all m. By Corollaries 3.6 and 3.7:

COROLLARY 3.13. The sel S is a well-ordered subsemiring of the ordered
ring of integer-valued polynomials. m

Corollary 3.2 of Macaulay’s Theorem makes it possible to describe the
unique isomorphism between S, and its order type o(S,,) in a rather explicit
way:

DErINITION 3.14. Every Hilbert-Samuel polynomial p(7) of a non-
empty final segment of N™ can be written uniquely in the form

- (L) (T7 e (T

for certain integers m > aq > az > --- > a; > 0 and s > 0. We put

Fp— m
Cp 1= (Cm—h Cm—2y--+, CO) €N ”
where ¢; denotes the number of occurrences of i € {0,...,m — 1} among the
coefficients aq, as,...,as. Note that |c,| = s. We define an ordinal
— -1 -2
Yy =W ey W T g + -+ Co.

For the Hilbert-Samuel polynomial p(T") = of the empty subset of

N™ we set 1, := w™.

(")

The following observation is now easy. (This gives another proof of the
well-orderedness of S,,,.)
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COROLLARY 3.15. The map
P Ppt S — W 41
s an isomorphism of ordered sets. m

In [4] we will use the previous corollary to define a new model-theoretic
rank for definable sets in differentially closed fields of characteristic zero (via
their Kolchin polynomials, see [22] or [23]).

Computation of ¢,. Here is how the ¢, can be computed recursively,
following [23]. (In [23], ¢o,...,cm—1 are called the minimizing coefficients
of p.) Let

T+d T+d-1 T+0
p(T)_bd( d )-I-bd—l( d-1 )-I—----I—bo< 0 )

with bg,...,bq € Z,by # 0, be an integer-valued polynomial of degree d. We
define a sequence ¢, € Z™, where m = d + 1, by induction on d as follows:
If p=0ord=0,so0p(T) = by is constant, we put ¢, := (bp). If d > 1, we
consider the integer-valued polynomial
T+d+14+by T+d+1
T):=p(T+ by) — .

Note that e := degq < d, s0 €, = (Cgey..,Cq0) € Z°T! has been defined
already. We let ¢, := (b4,0,...,0,¢4¢,...,¢40) € Z™.

LeMMA 3.16. p(T') € S}, if and only if ¢, > 0, and in this case ¢, = c,.

Proof. We proceed by induction on d. The case d = 0 is trivial. Suppose

d > 0, and assume first that p(7') € Sy, say p(T') = pr(T) for some non-zero
monomial ideal I of R = Q[X4,..., X,,,]. Since p(s) > 0 for s > 0, we clearly

have by > 0. For : = 1,...,m we let v; € N be the smallest natural number
such that X" X* € I for some p € N™ with g; = 0. Multiplication by X7,
where v = (v1,...,Vy), induces a short exact sequence

0— (R/(I:X")(~v]) > R/T — R/(XY) — 0.
Hence for all s,
H(I:Xu)(S) = H[(S +|v|) - H(Xu)(.s + |l/|)

Using the short exact sequences

0 — (R/(I: XI)(~lwil) “ BJT — RJ(XY) 0

for i = 1,...,m it is easy to see that |v| = by. It follows that
s+d+1+by s+d+1
h(r.xv)(s) = pr(s + ba) — ( d41 ) ( d+1 )
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for all s >> 0, and therefore ¢ = p(7.x»). By induction we get ¢, > 0 and
thus ¢, > 0. Conversely, suppose that ¢, > 0. By induction we may write
q = pg for some monomial ideal J of R = K[Xy,..., X,,_1]. We put I =
(Xbatl XPaJ) a monomial ideal of R = K[Xy,..., X,,]. Then, using the
short exact sequence

0 — (R/(Xom J))(=ba) X2 BJT — RJ(XP0) = 0

and the fact that R/(X,,,J) = R'/J we obtain p = py as required. The iden-
tity ¢, = ¢, follows from Corollary 3.15, Lemma 2.3(1) and the observation
that (S7,, <) — (N™, <jex): p — ¢, is strictly increasing and surjective. m

ExaMpLE 3.17. Let p(T) = a(T + 1) + b € Z[T]| with a,b € Z, a # 0.
Then p(T') is the Hilbert—Samuel polynomial of a non-empty final segment
of N? if and only if @ > 0 and b+ (;) > 0. In this case, the sequence c, is
given by (a,b+ (;)), s0 ¢, =wa+b+ (;) (If we write p(T)=dT +1—¢
this yields the well-known inequality g < (dgl) relating degree and genus
of a projective curve.)

Application: length of increasing chains of ideals. The results of
this section, in particular Corollary 3.15, can be used to study increasing
chains of ideals in polynomial rings. We give two applications. First let us
prove the theorem stated in the introduction. We denote the set of homoge-
neous ideals of K[X] = K[X4,..., X,,], ordered by reverse inclusion, by Z,,.
Since K[X]is Noetherian, Z,, is well-founded. We write p: Z,,, — S,, for the
map I — py.

LeMMA 3.18. ht(Z,,) = ht(F(N™)) = w™ + 1.

Proof. The first equality holds since there exists a strictly increasing
surjection Z,, — F(N™). This is a well-known consequence of the division
algorithm in K[X] (see, e.g., [15, Chapter 15]): Choose a term ordering
< on X°; given a non-zero polynomial f € K[X] let Im(f) be the leading
monomial of f, that is, the largest monomial in the ordering < which occurs
in f with a non-zero coefficient. Given an ideal I of K[X ] we denote by Im([)
the monomial ideal generated by the Im(f), where 0 # f € I. Now suppose
that I D J are ideals in K[X]. Then Im(7) D Im(J): Choose f € I'\ J such
that Im( f) is minimal in the ordering <; we claim that Im( f) € Im(7)\Im(.J).
Otherwise Im(f) = Im(g) for some 0 # g € J, and we can write f = gg + r
for some ¢,r € K[X], r # 0, with lm(r) < lm(f). Since r € I'\ J, this is
a contradiction. Hence the map which associates to a homogeneous ideal I
the monomial ideal lm(7) is strictly increasing. The second equality follows
from Proposition 2.11. =

We now show:
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THEOREM 3.19. For every sirictly increasing surjection ¢: 71, — S,
where S is an ordered setl, there exists a non-decreasing map ¥: S, — S
such that ¥ op < .

Proof. The map I — ,,: Z,, — w™ + 1 is strictly increasing and sur-
jective. Hence v,, = htz,, (I) for all I € Z,,, by the last lemma. In fact,
htz,, = hts,, o p. The claim now follows from Lemma 2.3(2). =

(By the second part of Lemma 2.3, the function p: Z,,, — S, is charac-
terized up to isomorphism by the property expressed in Theorem 3.19, in
the category of strictly increasing surjections Z,,, — 5, where 5 is a totally
ordered set.)

REMARK 3.20. Let G,, denote the set of isomorphism classes of finitely
generated graded R-modules, where R = K[X]. We define a binary re-
lation < on G,, by M < N <& there exists a surjective homomorphism
of graded R-modules N — M. Since every surjective endomorphism of a
finitely generated R-module is an isomorphism (see [15]), it follows that <
is an ordering on G,,. By Noetherianity of R, < is well-founded. We ask:
Does Theorem 3.19 remain true when Z,, is replaced by G,, and p by the
map assigning to M € G, its Hilbert—Samuel polynomial?

By the theorem above, every strictly increasing chain of non-zero ho-
mogeneous ideals in K[X] gives rise to a strictly decreasing sequence in the
lexicographically ordered set w™. What can be said about the length of such
sequences? For this, let us fix an increasing function f: N — N, and consider
finite sequences

Vg >lex V1 Zlex " ** Zlex Vi—1
of m-tuples v; € N strictly decreasing with respect to the lexicographic
ordering on N™, with the property that |v;| < f(7) for all 7. For the purpose
of this section, let us call such a sequence an f-bounded sequence in N™,
By Koénig’s Lemma (e.g., [20, p. 20]) applied to the tree whose nodes are
the f-bounded sequences it follows that there exists an f-bounded sequence

with maximal length ¢ = {(m, f). It is not difficult to compute an explicit
formula for £(m, f):

LemMA 3.21. We have (1, f) = f(0)+ 1 and
(82) €m, [) =14+ Um—1, )+ +Um—1,fye) form>1,
with f;: N — N defined by
F) = FG AL+ €m= 1 fi) 4 -+ L= 1, i) = f(0) 4
Jori,j € Nji>1.
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Proof. By induction on m. The case m = 1 is trivial. Suppose that
m > 1, and let

Vo >lex V1 Zlex " ** Zlex Vi—1

be an f-bounded sequence in N™ of maximal length ¢ = {(m, f). We must
have vy = (f(0),0,...,0); otherwise (since f is increasing)

(f(0)7 07 . 70) >lex V0 Zlex V1 Zlex " * >lex Vi—1

would be a longer f-bounded sequence. For a similar reason, v; must have
the form vy = (f(0) = 1)ug for some pg € N™~1. It follows that

v = (f(O) - 1):“07 eVl = (f(O) - 1)/”1—1

for some fi-bounded sequence g >lex H1 Slex ' >lex Héy—1 ID N™=1 of
maximal length ¢4 = {(m — 1, f1). The next terms in the sequence must
then have the form vy ; = (f(0) — 2)A;—1 for some fy;-bounded sequence
A0 Slex M Slex ** >lex Ap—1 in N7 of maximal length ¢y = {(m — 1, f3),
and so on. This leads to the formula (3.2) for {(m, f). m

We can use this to show the following statement about uniform bounds
for the length of ascending chains of homogeneous ideals. Recall that for
any homogeneous ideal I of K[X] = K[Xq,...,X,], we denote by ¢(I) the
smallest natural number ng such that for any homogeneous ideal J of K[X]
with Hilbert polynomial Py = Py, we have Hy(n 4+ 1) = Hyz(n){" for all
n > ng. (Cf. remarks following Corollary 3.2.)

ProrosiTioN 3.22. Let f: N — N be any function and m > 1. There
exists a natural number t,,(f) depending only on m and f, and primitive
recursive in f, such that for any field K and any strictly increasing chain

Ihchc---Cliy

of non-zero homogeneous ideals in K[X1, ..., X,,] such that o(I;) < f(7) for
all i, we have t < t,,(f).

Here as usual, a function F': N — N (for r € N) is called primitive recur-
sive in a given collection Fi, ..., Fj of functions F;: N — N if it can be ob-
tained from Fiy, ..., F} as well as the constant function 0, the successor func-
tion @ + 2 + 1, coordinate permutations (z1,...,2n) = (To(1)s- -+ To(n)),
and the projections (z1,...,2n41) = (21,...,2,) : N*T1 — N” by finitely
many applications of the following rules (substitution and induction, respec-
tively):

(1) if ¥ : N" — N and G4,...,G, : N°* — N are primitive recursive in

Fy,...,Fy, then sois H = F(Gy,...,G,): N°* = N;
(2) if F: N — Nand G : N"t?2 — N are primitive recursive in F1, ..., F},
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then so is the function H : N"t! — N defined by

F(x) ify=0,
H(z,y) = :
G(e,y—1,H(z,y—1)) ify>0,
for € N" and y € N.

If £ = 0, we obtain the plain primitive recursive functions. Standard number-
theoretic functions like addition (z,y) — @ + y, multiplication (z,y) — z -y
or exponentiation (z,y) — «¥ are primitive recursive. The class of primitive
recursive functions forms a proper subclass of all recursive, or computable,
functions. A prominent example of a recursive but not primitive recursive
function is the Ackermann function. (See, e.g., [30], for the definition of the
Ackermann function.)

Before we prove Proposition 3.22 we show the following lemma. Given
Q(T) € Q[T] we put AQ(T) = Q(T) — Q(T — 1) € Q[T]. Note that if
AQ = P and Q(0) = P(0), then Q(n) = > i, P(7) for all n € N.

LEMMA 3.23. Let

pary= (TEE) (TR e (T )

with integers ay > ag > --- > ag > 0 and s > 1. Then
QT) =
(T-|—(a1-|-1)>_|_(T-|—(a2-|-1)—1)_|_____|_(T-|—(as-|-1)—(s—1))

ap +1 az + 1 as+1
is the unique polynomial in Q[T] such that Q(0) = P(0) and AQ = P.
Proof. Clearly Q(T) satisfies Q(0) = 1 = P(0). The well-known identity

(%) - (agl) = (Zj) for a > b > 0 implies AQ = P as required. m

Proof of Proposition 3.22. First replacing f by the function ¢ : N — N
defined by by i — max{f(0),..., f(i)}, if necessary, we may assume that f
is increasing. If I is a non-zero homogeneous ideal in K[X] with Hilbert—
Samuel polynomial p = pr and s = ¢(I), then for n > s we have

p(n) = 3" Hi(i) = Qm) +

where Q(n) = Y0, Pr(i) and k = S50 (H (i) — Pr(i)). By the previous

lemma it follows that |c,| = s + k, and since j < (*72F) we have |¢,| <

s+ (°7IF) =t hyn(s). Hence the function ty,(f) 1= {(m, hy, o f), with £
as defined in Lemma 3.21, bounds the length of every strictly increasing
chain of ideals as in Proposition 3.22. It is a tedious but straightforward
exercise, left to the reader, to verify that ¢,,(f) is primitive recursive in f,

for given m. =
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The proposition above yields the following theorem of Moreno Socias

[30]:

COROLLARY 3.24. Let f : N — N be any function and m > 1. There
exists a natural number t,,(f) which is primitive recursive in f such that
for any field K and any strictly increasing chain

(3.3) IyCIiC-Cl_y

of ideals in K[X] = K[Xy,...,X,] such thatl I; is generated by polynomials
of degree at most f(1), for every i, we have t < t,,(f).

Proof. First we show that we may restrict ourselves to chains (3.3) where
each ideal I; is monomial. To see this choose a term ordering < on X°
which is degree-compatible. Then, as in the proof of the first equality in
Lemma 3.18, one shows that if I C J are ideals and J is generated by
polynomials of degree < d, then there exists a monomial X € lm(J)\1m(I)
of degree |v| < d. As in [30, Section 4] one further reduces to the case where
every monomial ideal I; is of the form I; = I, for a lex-segment E; C N™.
By the remarks following Corollary 3.2 we then have ¢(I;) < f(7) for all 7.
Hence t,,( f) as defined in the previous proposition works. =

In [30, Corollary 7.5] it is also shown that ¢,,( f) is not primitive recursive
in m, even for an affine function f(¢) = p+iq (p,¢ € N). In fact, m — t,,(f)
grows like the Ackermann function, and hence extremely rapidly.

Moreno Socias’s result 3.24 may be interpreted as a quantitative variant
of Dickson’s Lemma (and thus, of the Hilbert Basis Theorem). We finish
this section with outlining the proof of a similar finitary formulation of
Maclagan’s principle. This fact can be seen to provide primitive recursive
complexity estimates for algorithms whose termination has been shown using
the Noetherianity of F(N"). The proof is based on ideas of Harvey Friedman
[17]. It also gives a different argument for Proposition 3.24 in the case where
[ is affine, by reducing to the case of ascending chains of monomial ideals,
as in the argument at the beginning of the proof of 3.24.

ProrosiTioN 3.25. Let p,q € N, m > 1. There exists a nalural num-
ber 1, (p, q), which is primitive recursive in p and ¢, such that for any bad

sequence
F07F17"'7F7"—1
of final segments of N™, with F; generaled by elements of degree at most
p+ iq, we have r < r,(p, q).
Sketch of the proof. We fix m > 1. Let T be the first-order theory of the
structure N = (N, <) in the language L consisting of the binary relation

symbol < and a constant symbol for every element of N. Every model of T
is an ordered set containing an isomorphic copy of N as an initial segment,
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which we identify with N. For » € N we let £, be the language £ aug-
mented by m-ary predicate symbols Fy,..., F,._;. For p,q,7 € Nlet T, ,,
be the union of the £,.-theory T together with sentences that express that
Fy, ..., F,_1 form a bad sequence of final segments, and each F; is generated
by elements of N”* of degree < p+iq. Given p,q € N, the set T, = U, Tp,q,r
of sentences in the language £ = |J, £, is inconsistent, by Noetherianity
of F(N™). The Completeness Theorem of first-order logic implies that for
some 7, 1) 4, is inconsistent. Clearly any such 7 bounds the length of a
bad sequence in F(N™) with the ith element in the sequence generated in
degrees < p + 1¢.

In order to show that r can be found primitive recursively in p,q, we
use some facts about the so-called second principal system of reverse math-
ematics WKLy (see [40]): First, the proof of the Completeness Theorem
for countable languages can be carried out in WKLg ([40, Section IV.3]).
It is a routine exercise to verify that the Noetherianity of F(N™) is also
provable in WKLgy. (For example, the proof given in the next section can
be easily formalized.) The inconsistency of T),,, can be expressed by an
existential formula ¢(p,q¢,r) in the language of arithmetic, and the V3-
sentence VpVq3re(p,q,r) is provable in WKLg. By a theorem of Friedman
and Harrington ([40, IX.3]) there exists a primitive recursive function N* —
N: (p, q) = rm(p, ¢) such that WKLo - VpVgo(p, ¢, m(p, ¢)). Our claim fol-
lows. =

REMARK 3.26. The precise form of bounding function ¢ — p + g used
in Proposition 3.25 is not essential: Let g: N**' — N be a primitive re-
cursive function, £ € N. Then there exists a primitive recursive function
Tm.g: N¥ — N such that that for any pi,...,pr € N and any bad sequence
Fo, Fy, ..., F,_q of final segments of N™, with F; generated by elements of
degree at most g(p1,...,pk, 1), we have r < rp o(p1,...,Pk).

It is well-known that given an ideal I = (f,..., f,) in a polynomial
ring K[X] = K[X4,...,X,,] over a field K, with deg f; < d for all d, the
ideal Im([) of leading monomials of elements of I, with respect to a degree-
compatible term ordering, can be generated by monomials whose degree is
bounded by d?” (see, e.g., [14]). Since this bound is primitive recursive in d,

Remark 3.26 (applied to g: N> — N given by g(p,q,i) = (p+iq)*") implies:

COROLLARY 3.27. Let p,q € N, m > 1. There exists a natural number
Sm(p, q), which is primitive recursive in p and ¢, such that for any field K
and any sequence

Io, I, ..., Is
of ideals of K[X1,...,X] with s > s(p,q) and with each I; generated by
elements of degree at most p + iq, there exists 0 < @ < j < s such that
Im(I;) O Im(I;) (and hence in particular Hy, < Hp,). m
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4. TOTAL ORDERINGS OF MONOMIAL IDEALS

In this section, we study the ordered set F(N") of final segments of N™,
with the ordering given by the superset relation (see Example 1.2). We give
an upper bound on o(F(N™)) and we explicitly describe several ways of
extending the ordering on F(N™) to a well-ordering. Finally, we compute
the order type of one particularly useful ordering, called the Kleene-Brouwer

ordering of F(N™).

Bounding the type of F(N"). Our computation of an upper bound
for the type of F(N™) is based on the following idea (which, incidentally,
gives yet another proof of the Noetherianity of F(N")). Recall that an
ideal in a commutative ring is called irreducible if it cannot be written as
the intersection of two strictly larger ideals. (For example, prime ideals are
irreducible.) By Noetherianity of K[X], every ideal I of K[X] (where K
is a field) can be written as an intersection of irreducible ideals. Such a
representation I = JyNn---N.J, (r € N, 7 > 0) of I as an intersection
of irreducible ideals Jq,...,J, is not, however, necessarily unique, even if
we require it to be irredundant, that is, J; € J; for i # j. However, an
irredundant decomposition I = JyN---NJ, of a monomial ideal I is unique,
and in this case the irreducible components J; are monomial ideals as well.
It is easy to see that every irreducible monomial ideal is of the form m” :=
(X" :v; > 0) for some v = (vy,...,v,) € N™. Note that

W, w0] <0 [, L] in (N7

bm”(l)ﬂ---ﬂm”(r)gm N---Nm

for all v(), ) € N™ such that supp(r(®) D supp(ul?)) for all i, ;. Here
suppv = {7 : v; > 0} denotes the support of v = (v1,...,v,) € N™. (See
Section 1 for the definition of <°.) Given a vector v = (v1,...,v,) € N™
let us write (v) = (v4,...,v;,) € N* where 1 < iy < -+ < i < m
are the elements of the support of v listed in increasing order. Given a
final segment £ € F(N") and o C {1,...,m} we denote by ¢(FE,0) the
commutative word [(v()), ..., (1] € (NI"1)°, where m"(l), ...,m”" are the
irreducible components of I with supp v() = o. Here I is the monomial
ideal of Q[X7y, ..., X,,] corresponding to E. Combining the various ¢(FE, o)
we obtain a quasi-embedding

41 FNM = [ N Ee(p(B )0 C{L,...,m}).
oC{1,...m}
By Proposition 2.8 it follows that

o FN™) < Q) o((N)e).

oC{1,...m}

() (o)
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In order to continue our majorization, we need to bound the type of the
Noetherian ordered sets (N'“')o. Recall that g is the supremum of the se-

. W . . .
quence of ordinals w,w®,w“ ,...;in other words, ¢¢ is the smallest solution
of the equation w” = 2 in ordinals. Given an ordinal a we define

of — @ if @ < eq,
w®a if a> ep.

We will show:

LEMMA 4.1. Let S be a Noetherian ordered set of type a = o(S). Then
5° is Noetherian of type o(5°) < w®'.

In [39] one finds that o(5*) = W for every Noetherian ordered set .S
of type a. Here
a-1 if0<a<w,

"= a+1 if a=ec+nforsome n <w and some ¢ with ¢ = w*,

«a otherwise.

This yields the cruder upper bound o(5¢) < w*"". The lemma above was
inspired by the following consequence of it, a quantitative version of a well-
known result of B. H. Neumann.

COROLLARY 4.2 (van den Dries—Ehrlich [43], [44]). Let I' be an ordered
abelian group and § C I'2° well-ordered of order type o = o(9). Then the
monoid [S] generated by S in I' is well-ordered of order type < w®'

Proof. Since S°is the free commutative monoid generated by S, we have
a natural surjective monoid homomorphism 5¢ — [S]. This homomorphism
is increasing when S° is equipped with the ordering <° and [S] with the
well-ordering induced from I'. The claim now follows from the last lemma
and Proposition 2.8(3). =

Lemma 4.1 and (4.1) yield the following upper bound on the type of
F(N™):

(4_2) O(]_—(Nm)) < ® wwlal _ w@cwlal _ w(w—l—l)@m,
cC{1,...m}

where a®™ = a @ -+~ @ a (m times) for a € On. (If the Cantor normal form
of a has leading term w”, then the leading term of a®™ is w?™. This implies
the bound on o(F(N™)) given in the introduction.)

Proof of Lemma 4.1. We proceed by transfinite induction on a. The
case a = 0 is trivial (S = (), so let & > 0. We distinguish two cases. First
suppose that a is not additively indecomposable, that is, @« = a1 & ay for
some ordinals aj,a; < a. Hence S is a disjoint union S5 = 57 U Sy with
0(51) < oy and o(S2) < ay. (Here each 5; is equipped with the restriction
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of the ordering of S to 5;.) We have a bijective increasing map S x 5§ — 5°,

SO
!

0(5°) < o(57 x §3) = o(59) ® 0(55) < W™ @ W = W
by Proposition 2.8 and using the induction hypothesis. Now suppose that
« is additively indecomposable. It is well-known that then a has the form
a = w? for some § > 0. By Proposition 2.8(1) it suffices to show that
o((§°)2%) < w* for all w € §°. We show this by induction on |w|. For
|w| = 0 there is nothing to show, since then ($°)Z¥ = . Suppose |w| > 0,

say w = [Sgy. .., 8m—1] With sg,...,8,_1 € 5. We define a map

Y1 (S92 = (S20)° T (S x (59)2),
where w' = [s1,...,8,-1], as follows: Let v = [tg,...,t,—1] € S° with
v # w. Then either ¢; ? sq for all 7, or ¢; > s for some ¢, so after reordering
the ’s we may assume g > Sg, and v = [t1,...,¢,_1] Z [$1,--+,8n—1]. In

the first case, we put ¥(v) = v € (52%)°, and in the second case, we put
P(v) = (lo,v") € §x(5°)Z% . Tt is easy to check that ¢ is a quasi-embedding.
By Proposition 2.8,

o((5°)%*) < o((5%%)°) @ (a @ o (5°)2*")).

Put v = 0(52%), s0 v < a and hence o((S£%)°) < W < w® by inductive
hypothesis on a. By inductive hypothesis on w we have § := o((SO)Zw,)
< w® . Hence it suffices to show that a ®o6 < w®' . Write 6 in Cantor normal
form as 6 = wf'ny + - -+ + Wi np with ordinals 6, > --- > 65 and positive
integers nq,...,ng. Then the Cantor normal form of o ® é has leading term
WP If a < eg then f < w? = o, and §; < a = o, hence 8@ & < a,
since a is additively indecomposable. If o > &g, then 8 < w? < wP*! and
61 < w®a = WPt hence B @ §; < Wt = w® a, since Wt is additively
indecomposable. In both cases we have 3 @ & < o/, hence o ® § < w*' as
desired. =

REMARK. By Remark 1.11 and Proposition 2.8, the lemma we just
proved also implies that O(S°,ﬁ) < w® for any Noetherian ordered
set (9,<) of type a. See [46] for a proof of the slightly better bound
o(9°, %) < w?.

Some possibilities for totally ordering monomial ideals. By Lem-
ma 1.6, we have F(N™) 2 Decr(N, F(N™~1)) for m > 1: Every final segment
F of N™ can be written as the disjoint union
(4.3) F=(Fx{0h)uF x{1})u---U(F;x{jHuU--,
where

Fi={(e1,- yem_1) EN™" V(e ... em1,]) € I},



40 M. Aschenbrenner and W. Y. Pong

a final segment of N™~! (possibly empty). In the notation introduced in
the proof of Lemma 1.6, F; = ¢p(j) for all j € N. We have (Fy, Fy,...) €
F(N™=1)2) | that is, Fy C F; C --- is an ascending chain of final segments
of N™~! (and hence becomes eventually stationary). Moreover, F' O G if and
only if F; O G; for all j, that is, if and only if (Fp, F1,...) < (Go,G1,...)
in the ordering of F(N"~1)(2), The decomposition (4.3) for final segments
of F(N™) can be used to explicitly construct a total ordering < on F(N™)
which extends D. By Corollary 1.8 and Proposition 1.3, this ordering will
then be a well-ordering. For the construction, we proceed as follows, by
induction on m:

(1) If m=1, then F 4G :& F DG.
(2) Let m > 1, and suppose we have already constructed a total ordering
< on F(N™~1). We then put F < G if and only if

(Fo, F1,...) Qex (Go,G1 .. .)

in the lexicographic ordering on F(N™~1)(2) induced by <. (That
is, F7 < G if and only if either FF = G, or there is j € N with
Fo =G, .. .,Fj_l = Gj_l,Fj < Gj.)
By induction on m it follows easily that F* O G = F 4 G, for all F,G €
F(N™). The empty final segment is the largest and the final segment N™
the smallest element of F(N™).
We shall not try to compute here the order type of (F(N™), ) for gen-
eral m. Let us just point out:

LEMMA 4.3. o( F(N?), <) = w¥*! + 1.

In order to see this, suppose that §'is a well-ordering. Then the restriction
of the lexicographic ordering on S* to §(2) is a well-ordering which extends
the product ordering. In the next proposition we compute the order type of
5(2) in terms of the order type of S. For § = F(N) this yields the lemma
above. We may assume that S = a is an ordinal.

PRroPOSITION 4.4. Let a be an ordinal. Then:

o if a=0o0ra=1,
w1 if2<a<w

(4.4) o(a)) = frsa<e.
w® if a>wis alimit,
w4+ 1 if a > w is a successor.

Proof. Clearly 0(0(2)) = 0. Now ((2) is an initial segment of v(2) for
B <7v,s0
(4.5) o(a(2)) = U o((2)) if ais a limit ordinal.
BLo
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Moreover,
(a+ 1)@ =] B U{(a,0,..)},
1<w
where B; is the set of decreasing sequences in a + 1 that begin with exactly
i many o’s. Hence each B; is isomorphic to a(2) (as ordered set), thus

(4.6)  o((a+ 1)) =o(a@) +o(a@)) + - 41 = o(a@)w + 1.

W
w many times

The formula (4.4) follows by transfinite induction, using (4.5) and (4.6). =

The well-ordering < of F(N") introduced above has several disadvan-
tages. Most severely, from a practical point of view, suppose F and G are
two final segments of N, given in terms of finite sets of generators, and
we want to compare F and GG with respect to <. So we need to compute
representations (4.3) for F' and G, and lexicographically compare the re-
sulting sequences of final segments of N™~1. This gives rise to a computa-
tionally demanding recursion on m. Sometimes, however, we have access to
the Hilbert-Samuel polynomials of monomial ideals (since they are needed
for an auxiliary computation, say). In this case, we may use a variant of
the ordering < for which comparing F,G € F(N™) can be done in a more
efficient way: By Section 2 we obtain a well-ordering < of F(N™) extending
2 with minimal possible order type w™ + 1 by defining

F <G o pr<pg,orpr=pgand F <G.
This makes it necessary to decide F' < G only to break ties, that is, in case

F and G have the same Hilbert—Samuel polynomial.

The Kleene—-Brouwer ordering. In the rest of the paper we study
another ordering of monomial ideals which has the advantage that compar-
ison of monomial ideals specified by sets of generators is extremely easy.

DEerINITION 4.5. Let (U, <) be a totally ordered set. We define the

Kleene-Brouwer ordering <kxg of the tree U* as follows: If s = (s1,...,5m),
t=(t1,...,1n), then s <gp ¢ if and only if either

(1) sdt, or

(2) (S15--+58k) <tex (t1,...,1%), where &k = min{m,n} and <j.x denotes

the lexicographic ordering on U¥.

It it easy to check that <kp is a total ordering on U* extending the initial
segment relation J. We refer, e.g., to [20, (2.12)] for a proof of the following
fact:

LEMMA 4.6. Let (U,<) be a well-ordered set and T a tree on U. Then
T is well-founded if and only if the Kleene—Brouwer ordering restricted to
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T is a well-ordering. (In this case, we write oxg(T) for the order type of
<KB.) m

Let now (9, <) be a Noetherian ordered set, and fix a total ordering <’
on S extending <. As in Section 1 we let Ant</(5) be the well-founded tree

Ant</(S) :={(s1,...,8,) € 5" :5;]|sjand s; <" sj forall 1 < i< j<n}

on . We consider Ant</(5) as an ordered set via the restriction of <gg.
We define a bijection p: F(S5) — Ant</(S5) by ¢(F) = (ai,...,ay), where
ai,...,a, are the minimal generators of f € F(95), ordered in increasing
order with respect to <’.

LEMMA 4.7. The map ¢: F(S) — Ant</(S5) is strictly increasing.
Proof. Let F'D G be final segments of S, and let a1,...,a, and by,...,b,,

be the minimal generators of F' and G, respectively, with a1 <’ -+ < a,
and by <’ -+ <" b,. We need to show (ai,...,a,) <k (b1,...,bm).
If (b1,...,bm) C (@1,...,a,) we are done. Otherwise, there exists r <
min{m,n} such that a; = by,...,a,—1 = b,_1 and a, # b,. Since F' D G,
we have a; < b, for some . Since a; = b; for j < r and {by,...,b,} is an
antichain, we have i > r, hence a, <’ a; < b,. Since a, # b, we have a, <’ b,,
and therefore (aq,...,a,) <k (b1,...,by) as required. =

By means of the last lemma, we obtain a well-ordering on F(N™) ex-
tending DO as follows: Fix a term ordering <’ on N”. Given final segments
F and G of N™, with minimal generators ay <’ --- <’ a, and b; <’ --- <" b,
(where 7, s € N), define

F <k G & (a1,...,a;) <kB (b1,...,b0s) (in Ant<(N™)).

We shall call the well-ordering <kp of F(N™) the Kleene-Brouwer ordering
of F(N™) (induced by <'), and we put ogp(F(N™)) := oxg(Ant<(N™)). If
I and J are monomial ideals in K[X1,..., X,,] (where K is a field) corre-
sponding to final segments F and G of N, respectively, we put I <gp J if
F <kp G. This yields a well-ordering on the set of monomial ideals of K[X]
which extends D.

For lex-segments, the Kleene-Brouwer ordering induced by the degree-
lexicographic ordering has an alternative description:

EXAMPLE 4.8. Suppose that <’ is the degree-lexicographic ordering of
N™ and let £ = (ay,...,a,) with a1 <’ --- <’ a, be a lex-segment of N,
and let F' = (by,...,bs) with by <’ --- <’ bs be any final segment of N™.
Then

EF<xg F = Egy=Fy,....Fg1=F;_1,F; D Fy for some d € N.

Proof. Suppose that £ <xg F.If £ D F, we are done. Otherwise, there
is t < min{r, s} such that ay = by,...,a; = by, arp1 < beyq. Put d = |a41].
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Then a;41 ¢ Fy: otherwise a;y1 > b; for some i. Since the aq,..., a5 form
an antichain (with respect to <) and a; = b; for 1 <4 < ¢, we have 7 > ¢
and so aiyq >’ byyq, a contradiction. Moreover F; C E; for all 0 < j < d:
Let 2 € Fj,s0 2 > b; for some ¢ € {1,...,s}. If 1 < ¢ < we are done (since
a; = b;), so suppose ¢ > t. Then © >’ byyq1 >’ asy1, so || > as41 = d, hence
Jj = d. Since FE is a lex-segment and = >’ a;41 we get @ € Fy as claimed.
Finally, we have E; C Fjfor 0 < j < d:If y € E; for j € {1,...,d - 1},
then y > a; for some i € {1,...,t}, hence y € F;. m

Historical remark. The Kleene-Brouwer ordering of a tree plays an im-
portant role in descriptive set theory and recursion theory. It appears for
the first time in the work of Brouwer [9] (in his proof that intuitionisti-
cally, every real function is uniformly continuous on closed intervals) and
Lusin—Sierpinski [26], and was later used by Kleene [21]. (See the remarks
in [31, p. 270].) A variant of the Kleene-Brouwer ordering was indepen-
dently discovered by Ritt in his seminal work on differential algebra, in his
definition of the rank of characteristic sets. (See [22, p. 81].)

An upper bound for oxg. We want to investigate the order-theoretic
complexity of oxg. We first establish an upper bound on oxg.

Notation. Given an ordinal a and a sequence (a,),en of ordinals, we
write
a = lim sup a,
n
if @ = sup{a, : n € N}, and for every ng and § < a there exists n > ng with
B < ay. (Equivalently, @ = lim sup,, @, if and only if @ = sup{a,,, : i € N}
for some increasing subsequence a;, < a;; < ---of (ay).)

In the following, U and V will denote countable sets. For the purpose of
this section, let us call a tree T on U universal if T is well-founded, and every
node a of T which is not a leaf has infinitely many successors ag, @1, ..., and
ht(a) = limsup,, ht(a,) + 1. Note that the property of being universal is
preserved under passing to subtrees.

By Lemma 2.5, if S and T are well-founded trees with rk(.5) < rk(7),
then there exists an increasing length-preserving map S — T. If T is uni-
versal, we have the following result (justifying our choice of terminology):

LEMMA 4.9. Let § and T be trees on U and V', respectively. If T is
universal, then the following are equivalent:

(1) S is well-founded with rk(S) < rk(T).

(2) There exists a length-preserving embedding 5 — T.

(3) There exists a strictly increasing map S — T.
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Proof. We prove (1)=(2) by induction on the rank of T the case rk(7')=0
being trivial. Suppose that rk(7") = a4+ 1 is a successor. Since 7' is universal,
there exists a sequence (b, ),en of pairwise distinct elements of V' such that
(bo), (b1),... are successors of ¢ in T of height a. Suppose that S is well-
founded with rk(5) < 1k(7'), and let ((an))n<r (Where A < w and a; # q;
for all 0 < i < 7 < A) be the successors of the root ¢ in 5. For every n,
the subtree 5(,,) has rank < o and hence can be embedded into Tis,) by
a length-preserving embedding, by induction hypothesis. Hence there exists
a length-preserving embedding a,T(,,) — b,5@,). Extending the union of
these embeddings to a map S — T by mapping the root of S to the one
of T gives a length-preserving embedding of 5 into T. Finally, suppose that
rk(7T) is a limit ordinal. Let (b, ),en be a sequence of elements of V such that
sup,, tk(7{3,)) = tk(T’). Suppose that S is well-founded with rk(5) < rk(T),
and as before let ((a,))n<y (Where A <w and a; # a; forall 0 <i < j < A)
be the successors of the root ¢ in 5. For each 0 < i < A there exists n; € N
such that 1k(5(,,)) < tk(T(s,.)) < k(7). Using the induction hypothesis
we find a length-preserving embedding a; T(4;) — bn; S(5,,,)- Again it is not
difficult to combine these to obtain a length-preserving embedding S — T
as required. The implications (2)=-(3) and (3)=-(1) are clear. =

COROLLARY 4.10. Suppose U is infinite and T # {¢} a well-founded tree
on U. There exists a universal tree T' on U with T C T' of the same rank
as the tree T'.

Proof. By Lemma 4.9, it is enough to construct some universal tree on
U of rank rk(7). This is easy to accomplish by induction on rk(7'). m

The order type of <kp is easy to compute for universal trees:

LEMMA 4.11. Let T # {c} be a universal tree on a well-ordered set U of
order type w. Then oxp(T) = ™) 41,

Proof. Let ag < a; < --- be the successors of the root ¢ of T, listed
according to their order in U. Note that

(4.7) okB(T) = oks(To) + oxs(T1) + --- + 1,

where T, := Ty, is the subtree of T with root at a,. We prove the lemma
by induction on rk(7T) > 0. The result is clear if rk(7") = 1. Suppose that
tk(T) = a 4+ 1, where @ > 0. Each T, is universal of rank < a, so by
induction hypothesis, if T), # {e}, then oxg(T},) = w™(T») 41 for all n. Be-
cause T is universal, there are infinitely many n € N such that rk(7,) = a.
Since w? 4+ wY = WY whenever v > 3, it follows readily from (4.7) that
oxp(T) = ™) 4 1. Suppose now that rk(7) is a limit ordinal. Hence
tk(T') = sup{rk(7,,) + 1 : n € N} is the limit of a strictly increasing subse-
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quence of (rk(7},)). So by (4.7) and induction hypothesis we have
OKB(T) = (Uwrk(Tn)> +1= wUnrk(Tn) +1= wrk(T) b1,

as desired. m
COROLLARY 4.12. For every well-founded tree T # {¢} on a well-ordered
set U of order type w, we have ogp(T) < w™T) £ 1. u

Clearly it may happen that oxg(7T) < w™(T) 4+ 1, for example if T # {e}
is finite. Another (infinite) example is given by the tree T = {(7,4,...,1)
€ N': i € N} of rank w on N.

The order type of the Kleene—Brouwer ordering. We now inves-
tigate the order type of the Kleene-Brouwer ordering on F(N") in the case
where <’ has order type w. By Lemma 2.19 and Corollary 4.12 we obtain
the upper bound oxg(F(N™)) < w*” ™ + 1. We will show:

ProPosITION 4.13. The tree Ant</(N™) contains a universal tree on N
with the same rank.

By Lemma 4.11, this immediately yields:
COROLLARY 4.14. ogp(F(N™))=w*" ™ +1. u

Before we begin the proof, let us introduce some notations: Given an
element v € N™ we will denote by 7, the translation

z—z+rv: N* - N”,
and given a natural number n we denote by ¢, the map
v vn: N™ — N7+
By componentwise application, the map 7, gives rise to a map (N™)* —
(N™)* and ¢, gives rise to a map (N")* — (N™*1)* denoted by the same
symbols. We have
7o(Ant<(N™)) C Ant</(N™) and ¢, (Ant</(N™)) C Antor(N”F1).
For a sequence a = (ay,...,a,) € (N™)* we put |a| = |a1]| 4+ - - + |ay].
Proof of Proposition 4.13. We proceed by induction on m = 1,2,....
The case m = 1 is trivial, since Ant</(N) itself is universal. Suppose that

m > 1 and let U C Ant</(N™"!) be a universal tree of rank w™ 2. Put
T := Ant</(N™). For any k > 1, we have

T(o,...0) = Ant</(N™7' 5 {0,.. .,k — 1}),

hence Tk(T(o,...,o,k)) = w™ 2k by Lemma 2.19. Therefore it suffices to show
that Tlo,...0,r) contains a universal tree of rank w™ 2. Starting with Vo= {c},



46 M. Aschenbrenner and W. Y. Pong

we construct this tree in k steps. Suppose that V; (0 < ¢ < k) is a universal
tree which is contained in

Tio,...o% V(N1 {k —i,... .k —1})*

and has rank w™~2i. For each leaf a of V; choose an element v, of N"~1
with |vg] > |a| + ¢4+ 1 — k. It is easy to check that |v,] is large enough
to guarantee that every node of the universal tree aty_;—1(7,,(U)) is an
antichain in N™ x {k —¢—1,...,k — 1} arranged in <’-increasing order.
Hence the tree

VH—I =V, U Uabk—i—l(Tva(U))

(where the union runs over all leafs a of V;) is contained in
T(O,...,O,k‘) N (Nm_l X {k — 7 — 1, .. .,k — 1})*

So Vi41 is simply the tree obtained by “implanting” a copy of U (that is, the
tree arg—;—1(7,,(U))) at a, for each leaf a of V;. It is immediate that each
non-leaf node of V41 has w many successors. Note also that the heights of
nodes of V41 that are coming from V; will increase by rk(U') while the heights
of nodes coming from U will remain unchanged: hty, , (v) = hty;(v) + 1k(U)
if v € V; and hty,,,(v) = hty(u) for v = atg—;—1(7v,(u)), where a is a leaf
of V; and u € U. This observation clearly implies the lim sup condition for
Vit1. Hence V4 is universal and

tk(Vigr) = tk(V;) + 1k(U) = 0™ 2(i + 1).
The last tree Vi constructed in this way has the desired properties. m

Combining Corollary 4.14 and (4.2) we obtain as promised our estimates
on the type of the ordered set of monomial ideals:

+1 < o( F(N™)) < @@t o

m—1

COROLLARY 4.15. w¥
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